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Appendix D

Hydrodynamic Bearing Equations

D.1 DERIVATION OF THE GENERAL REYNOLDS EQUATION FOR AN
ISOTHERMAL COMPRESSIBLE FLUID

Consider the forces acting on a small volume element 7. The equa-
tions of motion of the volume will be '

[ [ i [ Far @

FiGURE D.1—Forces acting on a small volume element.

Where

)_*

F =body force vector

_ . N
T = traction vector=o; jVing
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By employing Gauss’s theorem Eq. (D.1) becomes

Dui d0i; ], _ o
j f ”p o pl]df 0 D.2)

Since the volume of integration is arbitrary, then

Du; _d0i; | 1 L
P D; ax, +F;; i=1,2,3 (D.3)
Let

gij=—P8;;+ 7i; - (D.4)

where 7;;=viscous shear stresses.
If the fluid is assumed to be Newtonian, then the viscous shear
stresses are linearly related to the rate of shear strain. This is repre-

sented by
715 = Cij ki€t (D.5)

If the fluid is also isotropic, then the fourth-order tensor Cijri is sym-
metric and invariant under coordinate transformation and is given by

Cijrr= N80k + [ 8iji + 8udjic] + y[8ucdji — 8udji] (D.6)
Hence the stress-strain rate for an isotropic Newtonian fluid is given by

. Tij#KSiJA+2ueij (D.7)
Where

A, u=Lamé constants
€;;=symmetric strain rate tensor
=% [ui,j+ w4
A=dilatation=¢€;; = u; ;

Contraction of Eq. (D.7) results in

7= [3A+2u]A (D.8)

In the case of an incompressible fluid where the dilatation A is zero,
then the sum of the viscous normal stresses 7;; is zero. If we assume
that 7;; will be zero even for a compressible mediam, then

3A+2u=0 | (D.9)



A=—2/3u

This is known as Stokes approximation and eliminates one. of the Lamé
constants from the governing equations of motion. This approximation
has been shown to be true only for the case of a monatomic gas, but
usually results in only higher order deviations for most gases at normal
temperature and pressure. This assumption is invalid in regions where
large pressure or velocity gradients exist. As an example, the assump-
tion breaks down in the immediate vicinity of a supply orifice to an
externally pressurized bearing if a shock wave occurs.

| 2
Tij = .U-[_§ aijuk,k+ui,j+u]‘,i] (D.10)
(D.7, 9)

Therefore the equations of motion are:

Du; oP 9 [ ( 9 >]
Dr .= Ty TFit oy | T Qe H i+ D.11
p Dt (D.3, 4, 10) 8X,-+F +aX]_ M 3 Vijlbke, i T Ui, j T Uj ( )

If the viscosity u is not a function of the coordinates X, then Eq. (D.11)
reduces to

i 1 |
pg:‘ =—g§‘+F5+/.L [g uj,ij+ui,jj:| ' (D.12)

If the body forces F; are zero, then Eq. (D.12) relates the inertia forces
to the rates of change of the hydrostatic pressure and viscous shear
stresses. The major assumption in the formulation of a lubrication
problem is that the flow is laminar. This is possible only if the inertia
terms of the left-hand side of Eq. (D.12) are small in comparison to the
viscous shear forces. This is equivalent to the statement that the
Reynolds number is less than 1

U2
R¥— Inertia forces - pT= UL (é)z
¢ _ Viscous forces U v \L
Kh2
Where
R¥ =reduced Reynolds number
U =velocity <

L= characteristic bearing length
h = characteristic film thickness
‘v=kinematic viscosity
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If

R& <1

then

oP _ [

X

—Uj,it ui,jj] (D.13)

Assign for X; and u; the following orders of magnitude:

X1=L
X2=h
X3=L

where

(%) and

u1=U
IL2=8U
U3=U

e

As an example, let i=1, in Eq. (D.12)

aP [1( 62u1 + 62u2

ax, H3\ax,0x,

6X18X2 6X16X3

+ et

62u3 62u1 82u1 62u1
)+6X% X3 axa] (D.14)

It is seen that the term 3%u,/dX3 is an order of magnitude higher than the
other terms. Hence, Eg. (D.13) reduces to:

o°_  du
oX, 7 X3 (D.15)
Likewise for i=2 and 3
P
- N |
30X, (D.16)
aP 62u3
=t 1
aXs M axy (D.17)
For convenience let
Xi=X; u=u
X:=Y; u=V
Xs=12; u=w



Equations (D.14-D.16) may be written as

oP 3%

X Mo (D.18)
P _ |

Y (D.19)
oP W

oz M 3yz (D.20)

Since aP/aY(D_=18).0, the fluid film pressure may be considered as uniform
across the film thickness. Equations (D.17) and (D.19) may be inte-
- grated directly and upon application of the following boundary conditions:
y=0 uw0)=U; WO)=W,
y=h u(h)=Us; @ Wh)y=W,

(where h=h(X,z,t) is the film thickness distribution)

[h—Y] Y

_1 joPA o

T ok (39 (Y—h) Y+ U, e +U: 5 (D.21)
1 (aP\ A=Y WY

W-zu(az) [Y—h) Y+ W25 |+ 22 (D.22)

Equations (D.20) and (D.21) are insufficient to formulate the lubrication
problem. Another relationship is required. This is the continuity
equation which is the statement of the conservation of mass in an

elemental volume and is given by

dp _o(pu) oY) W) _
s ox "oy ez O (D-23)

If we assume a compressible isothermal fluid film which obeys the
perfect gas laws, then

P=%p
and Eq. (D.23) becomes:

a(PV) _ [P, a(Pu)  3(PW)
A SR I

219-720 O-66—14
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Integrate Eq. (I).23) across the fluid film

hzxzt) [9P  d(Pu) , 0(PW) ]
= — —+ + d D.2
o= 1 [ 0y o

In order to perform the above integration, it is necessary to place the
derivatives with respect to X and Z outside the integration sign. To
accomplish this we will use the Leibniz rule for differentiating under the
integral sign when the limits of integration are a function of the current

variable itself. If

Blr)
IB(), @), X) = [ " flxy) dy

then
il_z_‘?_]__{_ al (6,3>+ <6a)
dX oX ' aB(x) \oX ax
Hence:
dl _ [AD af
AKX~ ) X S ) ’ (D.26)
y= ﬁ(-l‘) y= a(.r)
Thus:
h a _ /;—a—. h g %
L ﬁ(Pu)dy_l‘_aXfo Pudy + Pu oX
y=h

and : - (D.27)

fhi(PW)d = ifhPWd‘:PW’ oh
o 0Z Y=%3z/, Y Y
v=h

After integrating Eq. (D.25) using the velocity profiles and rearranging

1 3 3Q£ — aP
6u[aX(Ph o +aZ(Ph (}Z)]_zp(V2 vy+22h

P — W) gg (D.28)

The above equation represents the general three-dimensional Reynolds
equation as applied to an isothermal compressible fluid film.



D.2 DISCUSSION OF ASSUMPTIONS INVOLVED IN THE DERIVATION OF
REYNOLDS EQUATION

The derivation of Reynolds equation as applied to a compressible
isothermal fluid film proceeds from the consideration of the sum of the
inertia, body forces, and tractions acting over a volume of fluid. By
means of Gauss’ theorem, the surface traction integral is converted
to a volume integral to obtain the partial differential equations as applied
to an infinitesimal element. The first assumption employed is:

(a) The fluid is Newtonian.

This implies that the fluid properties are invariant (isotropic) or unchang-
ing in any direction dnd also that the stress tensor is linearly related to
the strain rate tensor. (For fluids such as greases, the stress-strain rate -
is not linear at low shear rates and hence the media is non-Newtonian.)

By assuming a linear stress-strain, rate relationship, two Lamé con-
stants are required to express the viscous shear stress in terms of shear
strain rate (as an example, in solid mechanics these two constants are
usually expressed in terms of E, Young’s modulus, and v, Poisson’s ratio,
or £ and G =the shear modulus). The constants appearing in Eq. (D.7)
are A and w the fluid viscosity. For the case of an incompressible fluid,
the second Lamé constant A does not enter into the equations, since the
dilatation is zero (see Eq. (D.8)). In order to remove A, it is assumed
that —

(b) The bulk modulus (3\ +2u)=0.

By this means we are able to express A in terms of . This is known as
Stokes approximation, and thus the pressure P is independent of the
dilatation. This assumption has shown to be valid only for a monatomic
gas in which higher order molecular collisions are neglected and the
gas is not an extreme pressure condition. In the normal gas bearing
application, where the flow is laminar, the dilatation A is small and only
secondary errors accrue. The assumption is invalid in regions where
there are high velocity or pressure gradients. Such regions would
be at the leading or trailing edge of a partial journal bearing where high-
velocity gradients exist. Another region in which the assumption breaks
down is in the immediate vicinity of a supply orifice for an externally
pressurized bearing. In this case it is possible to have a local shock
front formed downstream, and associated with it would be high-pressure
gradients.

Equation (D.12) is usually referred to as the Navier-Stokes equations
and represents three highly nonlinear partial differential equations.
As such, no general solutions are available for Eq. (D.12) in its present
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form. To reduce the complexity of Eq. (D.12), the following assumptions
are made:

(c) The effect of the body forces F; are negligible.

For fluid film bearings with the body forces due to gravity only, this is
true. In the case where the body forces are exerted by magnetic effects
(magnetohydrodynamics), the forces F; can be sizable. The key assump-
tion in reducing the complexity of the general Navier-Stokes equations
in the derivation Reynolds equation is the assumption that the flow is
laminar viscous and the inertia effects are small in comparison to the
viscous shear forces.
This assumption is equivalent to the statement that

(d) The reduced Reynolds number R¥ is much less than unity.

This permits us to set the left-hand side of Eq. (D.12) equal to zero. To
demonstrate the validity of statement (d), the reduced Reynolds number
will be calculated for a typical gas bearing.

Example

The effective Reynolds number must be less than one for the Reynolds
equation to be valid, or

R¥<1

UL (h\?
* _JL (v
Kz v (L)

where

The effective Reynolds number will be calculated corresponding to
typical operating conditions of a pivoted pad gas bearing experimental
test rotor:

N=18000rpm
R =radius of rotor =2 in.
U———M N=23768 in./sec
60 ’
p=2.61 X10-° lb-sec/in.2
P=14.7 psia
T=70°F
p=—P——=1 1X10-7 lb-sec?/in.
gRT )

h=10.001 in. = average shoe film thickness

V=%=2.38>< 10-2



L=Ra=3.3 in.
R* =(3.76‘8) 3.3) (1 X103
2.38 X102 3.3

2 :
) =4.72 X102

“or
R* =0.05
Thus the assumption that the inertia terms are small in comparison
to the viscous shear forces is valid and hence may be neglected in the
range of operation considered. It has been pointed out by Constan-
tinescu and Gross that in cases where R} exceeds 1, the error induced

by neglecting the contribution of the inertia terms is still small, acting
80 as to increase the bearing load capacity and friction losses.

D.3 DERIVATION OF FILM THICKNESS BETWEEN JOURNAL AND BEARING
Consider the triangle 0,, R, O; of Fig. D.2
R — ér

cos 'y"—‘m (D.29)
where .
er=ecos (0—d—y)
h =bearing film thickness
If C/R < 1, then: |
(@) cos y=1.0
(b) er = e cos (0— )
Equation (D.29) becomes
_R—ecos (6—¢)
1.0 R+C—h @) (D.30)
Solving for & (6)
h@)=C [1+e€cos (0—¢)] (D.31)
where
€= eccentricity ratio=e/C
Let the eccentricity vector:, be given by
> > > >
e=ee,=—Xnz+Yny (D.32)

Taking the dot product of Eq. (D.32) with respect to ;x and ;y

> > > > >
ee,=(—Xnz+ ¥Yny) - (nz; ny)
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Ing — BEARING JOURNAL

FiGURE D.2. —Bearing geometry.

yields
(a) —e sin p=X
(b) e cos p=Y | (D.33) .

The film thickness in terms of Cartesian coordinates is given by

h@® = C+YcosO+Xsin0

(D.31, D.33)



D.4 KINEMATICS

D.4.1 Journal Motion

The velocity of an arbitrary point S on the journal surface in reference
frame R is given by

R—S RT’_OJ/On R-’S/O_,

V=V +V (D.34)
where |
R =reference frame fixed in bearing
R_’OJ/OB=velocitY of journal center O relative to bearing Op in R
K velocity of point S relative to the journal center Ojin R
k—\»[ 0104 _ _I;% [ezr]=égr + RGR' X (eZ,)
where

RQR' = anoular velocity of rotating reference frame R’ in R
g y g

. >
= ¢n, = precession or whirl speed

R—0,/0s . > . >
\Y% =ee, + edey

> >
transforming to the n,, ng vector set

R—0;/0x . . >
=—[e cos (6 — )+ ed sin (0 — )] n,
+[e sin 0—d)—ed cos (0—d)|ne  (D.35)

If the journal eccentricity is expressed in Cartesian coordinates, then
the velocity of the journal center is
R—0;/0»

=—[j( sin 6+Y cos 0];r+[l./ sin 0—)2 cos 0]_1)19 (D.36)

The velocity of point S relative to O is given by

R_’S/OJ R'_’S/OJ -
— R_)Rl

where
Ru/ = angular velocity of journal in rotating reference frame R’
R’ §/0; , ->
=®”un, X (Rn,)
T
=R 4)iRng

R—S/0;

V  =(¢+*w)Rny=Rw/Rn, (D.37)
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The total velocity of point S in R is given by

R—’s ———[e cos (60— d))-i-ed) sin (6 — d))]nr

+[e sin (0— @) —ed cos (6 — b)]ng -+ FwiRny

or
R—>S

——[X sin 8+ Y cos O]nr-i-[Y sin 0
— X cos O]n_g)-i-’*w"RrT;
> . .
The nj unit vector is given by

> > . >
ny = cos yng+sin yn,

now, consider triangle O;, Oy, S

. _esin(0—¢d—vy)
YT T RYC—h
if C/R <1.0, then y<1.0
Hence
sin‘y='y==esml(20_¢)
Since .
h=C+e cos (60— )
oh
60——esm(0 d)
hence
_10h
Y"R a6
—; —9_1_%-)
A T

The total' velocity of point S in R is given by

—S5

= [X sin 0+ Y cos 0+ ke ah]

(D.37,D.39) 00

+ [f/ sin 0— X cos 6+R’*w”]:o

(D.38)

(D.39)

(D.40)

(D.41)



R>S

oh
= - R
v (D.37,D.39) [e cos (0—¢)+ e¢ sin (0 ¢)+Fa/ 60]

+ [é sin (0—¢)— eci; cos (60— o)+ R(x)]l?o
Differentiating Eq. (D.31)

@:; cos (0—¢)+e sin (0—¢)(.b

dt
. » oh
=e Cos (0—¢)—¢-£ (D42)
T dh oh] > d (9h
v (D.41, D.40) [dt +fwl 0] "+[R JR—d_(GO)] ng (D.43)

The velocity of point S in a Newtonian reference frame is given by

N—S N—S5/0s  N-O»
V=V +V

where

.N—"Ob
V = velocity of bearing center

. D> . >
= X 0 n;c + Yo ny
N—=S  N-O» R—S/0s, g 025

V=V +V +exP

where Yof = w®=bearing angular speed in Newtonian reference frame

— Xong+ Yony+ [("w?+Rewi)R

(D.42)
d(3h\] > [dh . ,oh
_Zt'(ao)] ne— [dt+ ol ae] nr (D.44)

N->EF .
\" Xon,-, + Yo ny +(R+ C)lwt no
= (X, cos 0+ Y, sin 6) n
+(— X, sin 6+ Y, cos 0+ (R + CPek) ne (D.45)

The journal-bearing velocity éomponents are given by

U2=—-X0 sin @+ Yo cos 0+ (R+ C)wy

U;=—X, sin 0+ X, cos 6+ Rw;— jt(ah)
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Vo=Xo cos 0+ Y, sin 0

__[dh 0
Vi=- [dt+ wjao]

W-z:sz-O

Substituting the above velocity components into Eq. (D.28) and after
eliminating higher order terms, h/R, C/R, X¢/Rw, Yo/Rw results in the
following dimensionless Reynolds equation

a5 (P 55)+ (1) 3 (P ) = 2 o+ 57 o
(D.46)

where

P =dimensionless pressure =p/P,
P,=ambient pressure

. 2

A = compressibility parameter = Mlﬁiaﬁ’l <§)
a

H =dimensionless film thickness =h/C

L =bearing width

1= dimensionless width=Z/L

_ _12uf (E)z
o =squeeze film number= Pa \C

7= dimensionless time=¢f
f=system characteristic frequency
To obtain the form of the Reynolds equation with respect to the ro-
tating reference frame R’, we transform the time derivative of pressure
. as follows

RoP _ F'oP
at at

+d>

and substitute the above intb Eq. (D.45) to obtain

oP R oP ¢\ o(PH)
(PHaaO) (Z) an(Pm ) [aT'(PHH( w) 60]
(D.47)
where
H=1+¢€cos0
w=w;jt+ wp
T'=wt

Examinafion of Egs. (D.46) and (D.47) shows that the form of the
pressure equation depends upon the system of coordinates used. For



example, if the rotor motion is stable synchronous precession in which
e is constant (vertical rotor), the time-transient term of Eq. (D.46) ex-
pressed in fixed coordinates is nonzero, but the transient pressure term
of Eq. (D.47) expressed in the relative reference frame R’ is zero.

The influence of compressibility can be neglected only when both the
compressibility number A and squeeze film number o approach zero.
In this case Eq. (D.47) reduces to

() (] ) n (2D 225

which represents the governing Reynolds equation for an incompressible

fluid.
D.5 BEARING FRICTION

The friction shear stress acting on the rotating journal is given by

ou
=u— (D.49)
Ay y=h
u(y)—LR gg —h)+ (Rw+e sin 6 — ¢>e cos 0)
ST= th gg-i—”' [Rw— de cos 0+e sin ] (D.50)

The first term in the above expression represents the shear stress
contribution due to pressure profile drag and the second term represents
the velocity drag. An order of magnitude analysis shows that the pres-
sure profile drag may be neglected in comparison to the velocity drag:

- () (0-
el (B )

Typical values for a gas bearing are
D=2 in. u=2.51X10-% lb-sec/in.?

C=0.001 in. ® =1000 rad/sec
W=501b

T~ (g') @ [1 +(2.51(>1<01—;)—g{»>< 103]

=~ f[1+40.02]
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Reference 28 shows that neglecting the shear contribution of the pres-
sure gradient term will cause at most only a 10-percent error in the
friction force

.'.T=H Ig% [1+(%> (é sin 0—-<2>e Cos 0):,

"Thus since C/R = 1 X 1073, the journal friction is relatively independ-
ent of the precession rate. The net shear force component acting normal
to the journal-bearing line of centers is given by

Fo=| [ w2 cos 6RAdOd
N—foj; /.L@COSO b4

_pRLow J'z” cos 6d0
C Jo l+e€ecos®t (D.51)

To integrate the above expression consider the following. Let

z+z71
2

z=¢' cos 0=

d0=—1idz/z

f 2w do _; § 2dz _i2 9§ dz
o l+ecosH Z12+e(z+zY)] € ) (z—z1)(z—2z)
where the roots z; and 2 are given by

21=—‘i‘ [1+ Vl—ez]
22=—% [1— Vl—ez]

The root z, lies inside the unit circle and hence the integral is singular
‘when z=12,. The value of the integral is given by

§ A2)dz=2mi 3 Res

Where the residue for a simple pole is given by

___ €

z=22_2 V 1—¢€?

L[ do [ i2 € _ 2x
"fo 1+ecost9_2m[ 5][2\/1—62]_\/1—e2 (D.52)

(Z—Z)f(2)




The bearing normal friction:force then is given by

do

2 27 % :
-F N= #R Lw" '1 [1 ] ]

C o €| I+ecosd

_ MRLow2rm [1 _ 1
®SLS2) ¢ e (1—en)iiz ] (D.53)

Under normal steady-state conditions, the bearing friction force is
neglected in comparison to the hydrodynamic bearing force in the
determination of the journal equilibrium position. There are special
circumstances in which the bearing friction force is not negligible, such
as when € approaches u.nity, then Fy approaches infinity, and when the
journal precession rate ¢ approaches half the rotor speed. In this case
the pressure forces approach zero as d) approaches w/2. Hence the
friction force can be of the same order of magnitude as the hydrodynamic
forces under these circumstances.
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