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ABSTRACT: The generalized dynamic equations of motion have been obtained by the direct
stiffness method for multimass flexible rotor bearing systems including the effects of
gyroscopic moments, disc skew, and rotor acceleration. A set of undamped critical speed
mode shapes calculated from the average horizontal and vertical bearing stiffness is used
to transform the equations of motion into a set of coupled modal equations of motion. The
modal equations are coupled by the generalized bearing coefficients and the gyroscopic
moments. An analysis using only undamped critical speeds or decoupled modal analysis
assuming proportional damping may lead to erroneous results. This paper presents a rapid
method of calculating rotor resonance speeds with their corresponding amplification
factors, stability and unbalance response of turborotors. Examples of the application of this
modal approach are presented and results are compared to those of other methods such as

matrix transfer analysis.

Notation

A, Rotor amplification factor of the ith undamped critical
speed |

A, Modal constant coefficients

Ay Rotor amplification factor at ith resonance speed

(B*], [B”] Additional modal support stiffness matrix

[c], [C] Modal support damping matrix

[Cs] Complete support damping Matrix

[Cs] Gyroscopic damping matrix

[D*], [D”] Cross-coupled modal support and gyroscopic damping
matrix

[E*), [E”] Cross-coupled modal support and disc acceleration stiff-
ness matrix

E; Young’s modulus of the ith shaft element

{F(t)} External time dependent force and moment forcing func-
tion vector

{F.(0)}, {F,(t)} External time dependent force vector

Fyx, Fpy Generalized bearing forces

I Moment of inertia of ith shaft element

I Identity matrix

[I7] Diagonal transverse moment of inertia matrix

(L] Diagonal polar moment of inertia matrix

(K] Acceleration stiffness matrix
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[Kz] *  Complete bearing stiffness matrix -

[K,] Average vertical and horizontal principal bearing stiff-
ness matrix :

(K] Shaft stiffness matrix

L; Length of the ith shaft element

m; Concentrated mass at ith station

[M] Complete mass and inertia matrix

[(M] Concentrated mass matrix

{M. ()}, {M, (1)} External time dependent moment vector

M., My, Generalized bearing moment

P, Real part of the ith damped complex eigenvalue

{P.}, {P,} Modal unbalance forcing function vector

{q.}, {a,} Time dependent modal coefficient vector

{U} Total displacement vector

{X}, {Y} Translational displacement vector

a; Phase angle of rotor unbalance to reference at ith station

Bi Phase angle of maximum disc skew to reference mark at

V ith station

A; Damped complex frequency = p, +iw, (rad/sec) of the
ith mode

{®}= (Ei‘,;) Orthonormal mode of the ith undamped critical speed

[®]=[{d.}, {#2}..] Complete orthonormal mode matrix

Wy Damped natural frequency, (rad/sec) of the ith mode

W, Rotor undamped critical speed of the ith mode

w, Critical speed of planar mode

Wy Rotor peak unbalance response speed, (rad/sec) of the
ith mode

@ Rotor operating speed, (rad/sec)

[Al=[w?] Diagonal undamped critical speed matrix

& Modal damping ratio of the ith mode

L Introduction

In the design of modern gas turbines and other high speed turbomachinery,
it is often necessary for the machinery to operate through several rotor critical
speeds in order to reach its full power operating level. Complete rotor analysis
includes damped critical speeds, stability analysis, unbalance response, and
transient motion of the rotor system. A number of recent works (1-24) have
developed various methods of obtaining the different types of rotor motion.

The homogeneous solution of the damped equations of motion is a complex
eigenvalue problem, and the damped system complex frequencies may be
determined numerically by various finite element or matrix transfer procedures
as outlined by Ruhl (7), and Lund (11). The determination of the damped
system complex frequencies is a considerably more difficult problem than the
determination of the undamped modes by the Prohl-Myklestad matrix transfer
method (24). For rotor systems with a large number of mass station, the
complex eigenvalue procedure may run into numerical difficulties (16).

Another important design characteristic of a rotor is the sensitivity of the
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system to unbalance. Tht peak unbalance responses are assumed to occur at
the rotor critical speeds. It is not readily apparent from the examination of the
undamped rotor modes what the magnitude of each critical speed amplification
factor might be. The determination of the rotor synchronous unbalance re-
sponse may be evaluated by various matrix transfer methods such as developed
by Lund (4) and others (3, 6). However, to fully evaluate the rotor unbalance
response through several critical speeds, it is necessary to calculate the rotor
response with various distributions of rotor unbalance to insure excitation of
the various critical speed modes. The calculation of the rotor response with
various unbalance distributions may be quite time consuming. These calcula-
tions do not furnish the designers with readily attainable fundamental design
parameters to optimize the rotor supports for minimum amplitude and bearing
force over the desired operating speed range.

The general damped equations of motion for a muitimass rotor are often
difficult and expensive to solve by direct methods. One approach, which has
been proven successful at avoiding some of the problems is the modal method
2, 3, 5, 8 9, 12, 13, 17-24). The modal method reduces the number of
degrees of freedom of the system. In addition, much information about the
rotor can be obtained by the calculation of modal properties, particularly if the
modes can be decoupled in some manner.

In some cases, such as electric generators, the equations of motion can be
decoupled easily (5, 9, 20) into horizontal and vertical modes making the
analysis much easier than solving the general problem. Normally these systems
are characterized by bearings being located near node points so that damping
effects are small and can be considered proportional in nature. Other coupling
forces can also be neglected. The resulting relatively simple mode shapes
contribute to such developments as modal balancing. Unfortunately, most
rotors do not fall into this class (18, 19).

Modal analyses have been carried out using free-free mode shapes (12, 13,
18). This has the advantage of developing mode shapes which are based solely
on rotor geometric properties. Other factors such as bearing dynamic coeffi-
cients, which are functions of rotor speed, can be omitted until the overall rotor
analysis. The same free-free mode shapes can be used for system critical speed,
stability, unbalance response, and transient analysis. For most industrial rotors,
this has the disadvantage that bearings, seals, and other forces can strongly
affect rotor motion. So the free-free modes may not represent the rotor motion
well. This leads to large numbers of modes being required for the analysis and
difficulties with understanding rotor vibration problems.

This work develops a modal analysis for rotor systems using uncoupled
undamped mode shapes including average bearing (or seal) linearized stiffness
properties. These mode shapes are relatively easy to obtain (computer codes to
accomplish this are widely available in industry) and are planar in form. Much
more physical “feel” for the rotor motion is possible than with free-free
modes, but the coupling terms must not be neglected in the full system analysis.
A complete set of equations of motion are developed for the shaft including
gyroscopics, skewed discs, and full bearing dynamic coefficients. The planar
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modes are then usetl to obtain damped natural frequencies and forced re-
sponse. The use of the complete method is demonstrated by its application to
an industrial 8 stage compressor.

II. Modal Theory

1. Planar Undamped Modes

It is desired to obtain a single set of planar undamped modes incorporating
an average bearing stiffness for modal analysis. The shaft is assumed symmet-
ric, rotor gyroscopic effects are neglected, bearing damping is neglected, and
only an average bearing principal stiffness term is considered. As shown in the
Appendix, the equations for the planar undamped mode shapes are

2 G ) e

[Kxx }B + [Kyy ]B
5 .

The average bearing stiffness is taken from K,,, and K, evaluated for a single
speed in the operating speed range.

The generalized displacement vector {U} is represented by the expansion of
the undamped modes obtained from a solution of Eq. (A.11) as

=5 ool @2

From Eq. (A. 13) in the Appendix, the equations of motion can be written,
using modal co-ordinates, as

o @il e wille)
oy wlle}-{o)

It should be clear that this general modal formulation is not restricted to the
particular set of mode shapes obtained by solving Eq. (2.1).

where

[K,]=

2. Uncoupled Damped Modal Analysis

In order to uncouple the modal equations, it is often the practice that
gyroscopic effects and the support cross-coupled stiffness and damping values
in the general damping matrix are assumed to be small or using the standard
assumption in structural mechanics that the damping matrix is proportional to
the mass or stiffness matrix by some linear relationship (21). The expression is

) [07], flee+ K01 [kl

(0] 1] kol [ko] 24)

[C*]- a[
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where a and b are arbitrary constants. This assumption uncouples the modal
equations of motion which are relatively easy to analyze but often not accurate
for turbomachinery with fluid film bearings or seals.

Using the above assumption, the modal equation can be reduced to its
standard form (5, 9, 20) as

qxi + zgiwi‘ixi + wziqxi = in . (2'5)

Assuming a solution of the form
Qi = AeM
the homogeneous solution yields the complex eigenvalues
A2=Piting = —&o; +iwJ(1—-£) ' (2.6)

where wy; is the damped critical speed.

If F,; is sinusoidal forcing function due to unbalance, a symchronous re-
sponse solution is easily found. It can be shown that the peak rotor unbalance
response does not occur at the undamped critical speed w; or at the damped
critical speed wy; but at a speed w,; given by (10) similar to that for a single
mass rotor.

W;
Wy = Fory (2'7)
J1-28)
or if the complex eigenvalues for the damped system are known
2 2
Wyt pi
Wy =557 . (2.8)
Joi—pi)

The rotor amplification factor for the peak rotor unbalance response is given
by (10)

1

A, = 2.9
2670-2) @9)
or
2 2
_ wgt P
Aui _ZRwdi . (2.10)

Therefore it is seen for the case of the uncoupled modal analysis that if the
modal damping or complex eigenvalues can be calculated and the damping is
proportional, then the speed at which the maximum unbalance response occurs
can be predicted along with the rotor amplification factor.

Although the above equations for the prediction of the rotor peak unbalance
response speeds and amplification factors provide insight into rotor behavior,
for realistic turborotors with fluid film bearings and gyroscopic moment coupl-
ing, the modal equations of motion cannot be simply uncoupled, as Bishop and
Parkinson have done (9, 20), but the modal equations must be simultaneously
considered for both the x-z and y-z planes of motion as Childs has demon-
strated (12, 13). The general coupled modal analysis to determine the stability
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of the damped natural frequencies (eigenvalues) is discussed in the following
section.

3. Coupled Damped Modal Analysis

It is apparent that the damped critical speeds predict considerably different
behavior of the rotor system than does the analysis using undamped critical
speeds. There are however, several problems involved with the calculation of
the complex eigenvalues. At present, there are few damped critical speed
computer programs generally available for usage and second, considerable
numerical difficulties have been found in various programs in the simulation of
large multistation machines. There is, however, a procedure in which the
damped critical speeds may be rapidly and accurately calculated by using the
undamped modes. This can be achieved by solving the modal equations of
motion in (2.3) by looking for a solution of the form

{(qx)} _ [(é")}e“

(q,)] UA))

where A is the complex damped natural frequency. Thus, Eq. (2.3) can be
written as

[A2[11+A[c*1+[3*]+[z\] ALD"1+([E*] | {(&)}_ .
AD BT A+ALC1+[B1+[ALU(A)
(2.11)
The above matrix equation can be expanded into standard eigenvalue form as

ALl 00 0 ] {rA
0 AlIl 0 0O AA)
0 0 A[Il O (A)
0 0 0 A} ]| A

[ -[C*] -[D*] -[B*+A] -[E*] | [MA)
-[D’] -[C]  -[E]  -[B*+Al| JA(A)

=[] 0 0 0 (A,)
0 —[1] 0 0 (A,))
(0) -
(0)
©) (2.12)
(0)

or in compact form as
det[A[T]-[A]]=0

which can be solved by eigenvalue procedure for complex eigenvalues or be
expanded by Leverrier’s Algorithm into a homogeneous polynomial equation
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as
A p AT A P A T2 L A pan A P =0 (2.13)
where

p, = —trace [A]

1
P="% trace[AB._;], k=2,3,4....4n

[B,]=[A]+pilI]
[Be]=[A][Bi-1]+plI], k=2,3,4....4n.
With the above expanded polynomial, the stability of the system can be

evaluated by either solving for the complex eigenvalue A; or by using the
Routh stability criteria (22) (without actually solving for A;).

4 Rotor Unbalance Response—Modal Method

A rapid approach in computing the rotor forced response is by the modal
method of analysis. This analysis is based on solving the modal forced equation
of motion of (A.13) and (A.14) as derived in the Appendix. They are, in matrix
form

o @illat e walle}
o i) =i} @0
While the time transient response of the rotor system can be solved by time

integration of the modal equations, the steady state unbalance response can be
solved by assuming a solution of the form

(qx)} {(Ax)} ot

= e, (2.15
e ~1an )
Without rotor acceleration, the forcing function in the x-direction for the ith
mode can be expressed as

[me;]
Fy={®}" Zglet = p el 2.16
) {[7(1,,-—1.)]} P (2.16)
Substituting the above relations into Eq. (2.14) results
["w2[1]+iw(C’]+[Bx]+[A] iw[D*]+[E”] ]{(Ax)}z {(Px)}
iw[D”]+[E] ~o’[I]+io[C’ ]+ B 1+[ATJI(A) ] (p,))"
(2.17)

The {A,} and {A,} can be solved simultaneously and the rotor motion can be

Vol. 308, No. 4, April 1978 . 227



E. 1. Gunter, K. C. Choy

obtained by back substitution of these values into Eqs. (2.15) and (2.2) as _

(x)
_J@| _[e1 (o]
=101 =10
(¥)
~w’[I]+iw[C*]+[B*]+[A] iw[D*]+[E*] “1((p,)
[ iw[D*]+[E"] "w2[1]+iw[Cy]+[B3’]+[A]] {(Py)}‘ (2.18)

It should be noted that the damped critical speed mode shapes may also be
used to evaluate the rotor forced unbalance response by reducing the N second
order equations of motion to 2N first-order equations as presented by Foss (2).

Modal transient response of the system can also be evaluated by numerical
integration of the modal accelerations from Eq. (2.14) as

o=l lon elle)

e [B[E+]A]]{EZ;} 219

The transient displacements of the system can be obtained by the transfor-
mation of the modal displacements as shown in Eq. (2.2).

III. Application on Industrial Compressor

To illustrate the application of the method, modal calculations are performed
for an 8 stage centrifugal compressor as discussed by Lund (11) where damped
natural frequency calculations were performed. The rotor weighs about 1400 Ib
and is 102 in. in length. The center of gravity of the rotor is almost midway
between the two identical journal bearings of 5 in. diameter, 1.5 in. length and
0.0035 in. clearance. The bearing stiffiness and damping coefficients used in this
example (provided by Lund) are given in Table I. An undamped critical speed
analysis with the average bearing stiffness of 609,550 Ib/in. at the left bearing

TasLE
Bearing number
Stiffness and
damping coefficients. 1 2
K,.(Ib/in.) 441,000 415,300
K,,(Ib/in.) 83,330 88,540
K, (Ib/in. 853,500 ~792,400
K,,(Ib/in.) 778,100 700,900
C..(Ib/in.) 786.3 758.7
C,, (Ib-secfin.) -716.4 —674.3
C,.(Ib-sec/in.) -716.4 —-674.3

C,,(Ib/in.) 2,196.0 2,196.0
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and 558,100 Ib/in. at the right bearing indicates that the critical speeds will
occur at 3270 RPM, 7527 RPM, 9018 RPM, 14,092 RPM, and 27,921 RPM.
Note that the effects of bearing cross-coupled stiffness and rotor polar mo-
ments of inertia are neglected. The undamped mode shapes for this compressor
are typical flexible rotor modes due to high stiffness of the bearings and the
normalized mode shapes for the first five critical speeds are given in Figs. 1 and
2.

In order to illustrate the use of the modal equation derived in the previous

.00 N

0.50

Np =3270 rpm
N‘l =327 L rpm
W, =740

& 810121816 18 20 22 24 26 2830[3234

-0.501

10O

0.50

0 Ny, = 7527 rpm
N,,* 7556 pm
W, = 333
-0.50
-1.00
o
1.00— — 2
2! 2
a1 m
&
0.50F\®
H—H—t Ny = 9018 rpm
13234 N,5* 9394 rpm
! , Wy 159
-a50— | |

Fic. 1. First three undamped compressor planar mode shapes.
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1.00

0.50

14092 rpm
14763 rpm
=144 (b

-0.50

~1.00

0.50 3|

RN I Ll fdfdd il 1l =
T \ol & Bl0m/is 16 | 18 20220 28 550k 34 Nes = 27921 rom
N.g =29822rpm
Ws = 1511b

-0.50

=100~

Fic. 2. 4th and 5th undamped compressor planar mode shapes.

section, the damped natural frequencies of the system were calculated with
bearing cross-coupling stiffness and damping effects. A computer program was
set up to formulate the standard eigenvalue matrix as given in Eq. (2.12) and
the 4N degree polynomial equation of (2.13) was solved by Leverrier’s Al-
gorithm. Rotor speed of 3000 RPM is assumed for first critical speed calcula-
tion of disc gyroscopic effects and 6000 RPM for the second critical speed.
Using the modal approach discussed in Section II.3, the damped natural
frequencies were calculated to be: 2963 RPM (p=-0.34rad/sec) for the
forward mode and 3636 RPM (p = —19.8 rad/sec) for the backward whirl mode
where p is the damping exponent of the corresponding critical speed. The
mode shapes for the corresponding forward and backward modes of the first
critical speed are given in Figs. 3 and 4. Note that the first critical speed
backward mode shape given in Fig. 4 is quite similar to the conventional
free—free undamped critical speed mode. But this mode will not be easily
excited due to its high damping exponent values while the first forward mode
with p almost zero is close to the stability threshold. This means that the rotor
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is marginally stable and has a very high rotor amplification factor and hence
may cause a large rotor unbalance response at the first critical speed. Using Eq.
(2.8) and Eq. (2.10), the rotor first forward resonance speed and its corres-
ponding amplification factor are computed to be

310%40.36> 60

f e ) e

N 3102-0.362" 27 2962 RPM
31024 0.362

f— prowd

Au 2x0.36x310 430.

Similarly, the rotor backward resonance speed and amplification factor are
computed to be N5 =3651 RPM and A}, =9.64. Thus it can be seen that the
forward mode has a much higher amplification factor than the backward mode
and will be very easy to excite.

Similar modal calculations show that the second damped natural frequency
will have a forward critical speed at 4950 RPM (p =-106.2 rad/sec) and
backward critical speed at 13918 RPM (p = —7.03 rad/sec). In this case, the
backward critical speed occurs at a much higher speed than the forward critical
speed (even higher than the third forward damped critical speed of
6750 RPM).

FiG. 3. First damped forward mode shape of the compressor.
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Fic. 4. First damped backward mode shape of the compressor.

The forward and backward mode shapes of the second damped critical speed
are given in Figs. 5 and 6. Note that in Fig. 6 that the second backward mode
shape is similar to conventional fourth bending mode because the second and
third backward critical modes are critically damped over their critical speed
range (11). The resonance speeds and amplification factor were calculated by
Eq. (2.8) and Eq. (2.10) to be Nf,=5270 RPM and N, =13198 RPM and
Af,=2.54 and A%,=103.6. Thus in the case of second mode resonance
speed, the backward mode has a much higher speed than the forward mode
and is much easier to be excited as discussed by Lund (11).

A computer program to calculate the damped natural frequencies using a
matrix transfer method similar to that presented by Lund (11) was set up and
the same industrial compressor analyzed. The first damped natural frequency
was calculated to be 2960 RPM (forward) with p=-0.36rad/sec and
3620 RPM (backward) with p=-18.2rad/sec and are similar to the modal
method calculations. A comparison of the first and second mode calculations
by both modal and transfer matrix methods are given in Table II and they are
in very good agreement.

The modal method was also applied to the unbalance response of the
compressor. An unbalance of 1 oz-in. was placed in the mid-span between the
bearings to simulate a first mode excitation using the modal approach discussed
in Section II.4. The rotor unbalance response was calculated for an operating
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Fi1G. 5. Second damped forward mode shape of the compressor.

speed range of 500 RPM to 4500 RPM. For validation purposes, unbalance
response calculations based on matrix transfer method were also performed.
Figure 7 shows the comparisons of unbalance response calculated by both
methods at the left bearing station and Fig. 8 shows the unbalance response at
the mid rotor span. It can be seen from the figures that the results from both
methods are in very good agreement. Note from Fig. 8 that the peak of the
curve occurs at 2995 RPM with an amplitude of 29 mils. This peak response
speed is very close to the calculation of N,;=2963 RPM using Eq. (2.8) while
the undamped critical speed calculation indicates a critical speed of 3271 RPM.
This does demonstrate that the undamped critical speed calculations may
sometimes be quite misleading especially when moderate or large damping is
incorporated into the system.

Another aspect of this analysis is that for a lightly damped system as this
compressor, the unbalance response curve always gives a very sharp rising
slope near the resonance speed or in other words, the speed range in which the
peak resonance speed will occur is very narrow. For accurate calculations, the
unbalance response of the system has to be calculated for very small speed
increments so as to insure the peak response amplitude will not occur between
two consecutive speed increments. Since each unbalance response calculation is
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SRS

W

Fic. 6. Second damped backward mode shape of the compressor.

quite time consuming, this will make the analysis quite expensive. However,
there is a fast method of approximating the maximum unbalance response
amplitude using the amplification factors discussed previously. Using the con-
cept that the peak response amplitude z; is

z;=¢A,; = 0.085X430 =36 mils
where
1 0z-in X 1000 mils/in
16 0z/lbx 740 1b

In this calculation, a modal weight of 740 1b for the first mode is used instead
of the rotor total weight of 1400 lb.

The maximum amplitude of 36 mils calculated from rotor amplification
factor is higher than the 29 mils calculation from unbalance response computer
program. It appears that, in this case, even a speed increment of 1 RPM is still
not small enough to catch the real peak of the resonance motion. The
amplification factor can provide the designers information of the maximum
rotor motion in a simplified manner.

modal eccentricity e; = = (0.085 mils .
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Tasre 11
Mode
1 2
N, (planar) average
bearing stiffness 3270 RPM 7527 RPM
N, (planar) horizontal
bearing stiffness 3110 RPM 6541 RPM
N, (planar) vertical
bearing stiffness 3371 RPM - 8419RPM
Forward 2690 RPM 4837 RPM
5 x 2 Ne  Backward 3620 RPM 13900 RPM
%5 2
§ g g Forward —0.36 rad/sec —~109 rad/sec
=
P Backward ~18.2 rad/sec —8.86 rad/sec
Forward 2936 RPM 4950 RPM
< N¢ Backward 3636 RPM 13918 RPM
o)
&
g Forward —0.34 rad/sec ~106.2 rad/sec
= P Backward —19.8 rad /sec —7.03 rad/sec
g
o}
= Forward 2962 RPM 5270 RPM
N, Backward N 3651 RPM 13918 RPM
Forward 430 2.54
A Backward 9.64 s 103.6

IV. Conclusions

(1) The incorporation of moderate amount of bearing damping in the rotor
system can cause a considerable shift of the rotor resonance speeds from the
values predicted by the undamped critical speed calculation.

(2) Uncoupled modal analysis based on the assumption of proportional
damping may simplify the modal equations of motion but it is often not
accurate for rotor systems with seals or hydrodynamic bearings.

(3) Modal transformation of the generalized equations of motion into modal
equations of motion using the undamped modes can significantly reduce the
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excitation.
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excitation,

236

Journal of The Franklin Institute



Modal Analysis of Turborotors Using Planar Modes—Theory

TasLe III
Modal Matrix transfer
Mode method method
Ny
RPM 6750 6692
P
rad/sec ~144 -~ 150
A, 2.55
N,
RPM 14033 14041
P
rad/sec ~5.33 -5.93
A, 138
N,
RPM 27503 27571
P
rad/sec —-86.8 —-85.5
A, 16.6

number of equations to be solved without losing the generalities of bearing
cross-coupling effects and influence of gyroscopic moments.

(4) Damped complex eigenvalues, stability and unbalance response of the
rotor system can be rapidly approximated using the undamped modes which
are essential for design and are relatively easy to obtain by the designers.

(5) The combined effect of disc skew and rotor unbalance can be evaluated
as a modal forcing function using both translational and rotational mode
shapes. This modal forcing function can be used as a balancing parameter for
complex multimass rotor with many discs.

(6) The use of one set of undamped modes calculated from the average
bearing stiffness instead of using two sets of different modes in the x and y
directions simplifies the modal calculations without losing much of its accuracy.
It provides more physical insight of the rotor behavior than the use of the
free-free mode shapes.

(7) Rotor bearing system resonance speeds and their corresponding amplifi-
cation factors can be accurately approximated by simple calculations using the
undamped modes.
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(8) Extensiort of analysis to include effects of flexible casing can be achieved
by present theory using the method of superposition of the undamped casing
modes.

(9) The modal equations used for unbalance response calculations can also
be used for modal transient analysis or simulation of turbine blade loss
dynamics by applying appropriate initial conditions for numerical integration.

(10) Results indicate that the use of undamped planar mode shapes for
industrial rotors may be more accurate than using free-free modes. This would
enable the use of fewer modes.
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Appendix A.

The equation of motion for the ith disc of a general multimass rotor system may be
obtained by summing the inertia and external forces and moments acting at the ith
station. The external forces and moments acting on the disc may in general be
composed of elastic shaft reactions, unbalance forces, bearing or seal forces, or other
external hydraulic forces acting on the system. A schematic of the forces and moments
acting at the ith station is given in Fig. 9. The resulting basic equations of motion of the
disc are (14):

Summation of forces in x-direction

mX. +Vi—VE L +F.(X, Y, 0,0, X, Y, §, )= F.(1). (A.1)
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(I, -4 ) w2 cos(wr+B) +wsin(wr+B1}

m; e; iwecos{wr+a,;)+wsin(w?+a;)}
b

F ()
L
v.F, . Vie
e
Jé X
m; X; ‘

FoxlX.V.8.49, Y
X, 7,6 4:)77 My (XY, 8,4, X, 7.84)

Fic. 9. Free-body diagram of forces and moments acting at mass station.

Summation of forces in y-direction
mY,+ Ve~ VR +F,(X, Y, 8,4, X, Y, 8, §)=F,(1). (A.2)
Summation of moments at the ith station
L.+ Lijo + MY .~ ME+3Laod+ M (X, Y, 6,4, X, Y, 6, §)=M,(t)  (A.3)
Ly — Lifo + MR~ M5 —3Loy+ M, (X, Y, 6,4, X, Y, 6, §) = M,(1). (A.4)

For an unbalanced rotor with a skewed disc, the external time dependent forcing
functions are of the form

F.(1) _ ,[cos (wt+ a;) I sin (wt+a;)]}

{F 3] m(ei{w [ sin (wt + o ]+w[ﬂcos (ot +a;) (A-5)
Mx(t) cos (wt+ [3, | sin(wt+8;)
{My( 3] T(I Ly 9 sin (wt + B;) [-cos (wt+ 50]} (A.6)

where a; and 3; represent the angle of the unbalance vector and disc skew with respect
to the shaft reference mark.
The shear and moment relations are given by

E :
Vf; = V§ = (%i’l)‘{zxi + &Li - 2Xi+1 + 85.;.11«;’} (A.?)
E
Mil;:z (ZL—J)[—:‘}’& —26,L;+3x.,,—6,.,Li] (A.8)
M3=LVL+M5. (A.9)

The free boundary conditions at the ends of the shaft are

{Ve=Mg=Vi=M;},, =0.
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Let

(X)

]

i ((Y))

(¥)

and the general equation of motion for the rotor system can be expressed as
[MYU}+[CHUY+[KKU}={F(1)} (A.10)

where

[M] o 0 0
0 [L] 0 O
0 0 [M] O
0o 0 0 [1]

For the case of linear bearings, the general damping matrix may be decomposed into
the gyroscopic and the bearing damping submatrices as follows

[M]=

0 0 0 0 [Cal [Col [Col [Cul
c1=10 0 0 0 |, |[Cul [Cul [Cy] [Cul
' 0 0 0 [3lpw] [Cu] [Cy] [C,,] [Cul

0 [—3lpw] O 0 [Cux] [Cuel [Cy] [Cul

The general stiffness matrix may also be decomposed into three sub-matrices repres-
enting the symmetric shaft stiffiness matrix, the linear bearing stifiness matrlx and the
skew symmetric acceleration matrix as follows

(ke [kl 0 0] [IK.] [Kel [Ky] [Ky]
[K] = [kxﬁ] [kOG] 0 0 + [Kﬂx] [KOB} [Key] [KOJJ}
0 0 [ked [kyl [K,.] [K,] [K,,] [K,]
0 0 [kxﬂ] {kee] s Ka.x} [Kwo] [Kwy} {KW] b
- 0 0 0 0
0 0 0 [3Ipe]
+
Q0 0 0 0
0 [-ipo] O O
where
E, » -E, {0 0 0
te=a| PR T
0 0 ) 0 . “En-l En—l
for
6E
E,=(I3—!

Vol. 305, No. 4, April 1978 241



E. J. Gunter, K. C. Choy and P. E. Allaire

ErL, E.\L, 0 e 0 0
[kw]= [kes ]" = —-E,L, -E,L,+E,L, E,L, ... 0 0
0 0 e —En—-an-l —‘En-—an-l
and
2E,L} E,L? 0 ... 0 0
[k ]21 E,L? 2E,L*+2E,L? E,L} ... 0 0
*l 3 ...
0 0 ... ... E,_,L?>, 2E%,L,.,

Note that for a circular shaft, the symmetric shaft stifiness matrix is identical for both
x and y directions. If the rotor gyroscopic effects, bearing damping and stiffness
cross-coupling effects are ignored, the above dynamic equations can be rewritten as

follows:
(A A R e s A
where
() Kl H[Kole

The solution to the above undamped homogeneous system leads to a set of or-
thogonal mode shapes ®; and their corresponding natural frequencies w;.
For modal analysis, let

X} (6}
{0} | _ & [au 1P [9u] ) {87
{v} a; {qyi {q)i}} i; {Qyi} {o} | (A-12)

Premultiply equation (A.10) by {®;}" and apply orthogonality conditions of the mode
shapes, the equations of motion can be written into a set of compact equations using
summation convention as

Gui+ 07 G+ Cidy + Bigy + Diidy; + Eigy; = P (A.13)
and there is a similar set of equations for the y-z plane as follows:
dyi + w2q,: + Cl4,; + Blg,; + D4y + Elq. = Py (A14)
where
P. = ¢ Me[w?® cos (wt+ a)+ @ sin (wt + )]
+ ¢! Tr(I, — I)[w? cos (wt + ) + @ sin (wt + B)] (A.15)

By, C;, Dy, E; are modal cross-coupling terms from disc gyroscopic, bearing cross-
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coupling stiffness, and damping effects. For example, the modal damping coefficient Cj;
can be calculated as

Ci= {0} [Culid} o) [Culio} +H{oN [Cor Hi} +H{d} [Con o). (A16)
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