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1 INTRODUCTION TO ROTOR DYNAMICS

In this presentation, the dynamical characteristics of the basic Jeffcott rotor are addressed. The
single-mass Jeffcott rotor was first addressed by H. H. Jeffcott in 1919. The study of the dynamical
characteristics of the Jeffcott rotor is the starting point for the fundamentals of flexible rotor-bearing
dynamics. With this model, it was now possible to explain how a rotor could pass through a critical
speed.

The Jeffcott rotor is a single disk symmetrically mounted on a uniform elastic shaft. In the analysis
of the original Jeffcott rotor, flexible or fluid film bearings were not considered. The rotor bearing
supports are assumed to be simple pinned end conditions. The unbalance response of the Jeffcott
rotor has been described by two second order differential equations to describe the dynamical motion
of the system. -

In Section 2, the Jeffcott rotor is analyzed using DyRoBeS. The critical speeds, unbalance response,
and transient motion of the Jeffcott rotor is evaluated. An extension is made of the Jeffcott rotor in
this section in which shaft bow is included, as well as unbalance. There have been a number of
authors such as Kramer, Dymamics of Rotors and Foundations, who have considered the higher
modes of the Jeffcott rotor, including the gyroscopic effects of the disk. The gyroscopic effects of
the Jeffcott rotor will not be considered in this section, since it has a secondary influence for a
centrally mounted disk.

The self-excited instability of the Jeffcott rotor may be determined by the application of internal
friction or aerodynamic Alford type of cross-coupling components acting at the rotor center. The
analysis of the Jeffcott rotor is very useful, as the computer solutions may be compared to the
analytic predictions.

The behavior of a multi-stage compressor or turbine through its first mode is very similar to that of
a Jeffcott rotor. By means of a critical speed analysis, a compressor or turbine may often be reduced
to the equivalent of a Jeffcott rotor by the computation of the rotor modal mass and stiffness for the
first mode. These properties are most useful in rapidly determining the bearing optimum properties
for that particular rotor.



2 Jeffcott Rotor 2.1 Rotor Description

2 SINGLE MASS JEFFCOTT ROTOR

2.1 Description of Jeffcott Rotor

Figure 2.1 represents the single mass Jeffcott rotor mounted on simple or fixed supports. The
single mass Jeffcott rotor was first analyzed in 1919 and with this basic model, the behavior
of the rotor passing through the critical speed region with unbalance and damping could be
explained. As the first step in evaluating the dynamics of the Jeffcott rotor, the behavior with
unbalance and damping will first be evaluated. The equations of motion will be presented
for the Cartesian coordinates X and Y to represent the motion of the rotor center C.
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Figure 2.1 Cross Section of Jeffcott Rotor On Fixed Supports

The Jeffcott rotor is a single mass rotor mounted on a uniform elastic shaft at the center span.
Normally the shaft is considered as massless and the disc has mass M. However, shaft mass
may be included by placing %2 the shaft mass as lumped with the disc with no loss of
accuracy. Since the disc is centered on the shaft, the gyroscopic disk moments are not
included for the analysis of the rotor 1* critical speed. The bearings are considered as simple
supports and provide no damping. The rotor damping is assumed to act at the shaft center.

2.1



2 Jeffcott Rotor 2.2 Rotor Equations of Motion

2.2 Jeffcott Rotor Equations of Motion

The shaft mass center M is offset from the shaft elastic axis C by the distance e,. The product
of the rotor mass M times the unbalance eccentricity e, is referred to as the rotor unbalance
U,. The rotation of the shaft at wrad/sec causes a rotating unbalance force of magnitude

F,=Mew’,1b (2.2-1)
The shaft restoring spring rate for a uniform beam simply supported is given by:
Eskaﬂ = _Ks X 55
48EI (2:2-2)
Where K, = —
L

There is assumed to be acting at the disk center, an external damping force. This damping
force is assumed to be proportional to velocity of the disk center and is expressed as:
F,

amping =

~C, xV., (2.2-3)

The damping forces oppose the motion ofthe shaft center. Additional forces acting at the disk
center to be considered later are internal shaft friction Ci, and aerodynamic cross coupling
forces Q. Both of these effects will tend to destabilize the rotor.

The 2 equations of motion in X, Y fixed coordinates for the center span shaft motion
neglecting rotor acceleration are given by the following:

2
m? ‘f +C, 3 K X = Me, o’ cos(wt - ¢,,)
p I (2.2-4)
2 -
WY ko b sn(ot—4,)
dt dt

Undamped Motion

The equations of motion for the two degree of freedom system without damping or unbalance
is equivalent to two uncoupled springs with independent motion in the x and y directions.

The equation of free vibrations in x direction, for example is of the form

2
L. +0’.X =0
& (2.2-5)
Where o, = K,
mod al

The term @),, is referred to as the rotor critical speed on rigid supports. The term M,,,,,u 1S
the rotor modal mass. If shaft mass is included as well as disk mass then the modal mass is:

M shaft

M M disk +

2.2-1

(2.2-6)

modal =



2 Jeffcott Rotor 2.2 Rotor Model

Jeffcott Rotor Station Elements
Table 2.2-1 represents the station elements of the Jeffcott rotor modeled using DYROBES.

Rotor Bearing System Data

: 0.000000 6.600000

6.600000 0000000 6600000
. 6.600000  0.000000 | 6.600000
4.500000 - 6600000 0000000 @ 6600000

4500000 6600000 0000000 6600000
4500000 | i 0000000 6600000
4500000 - 6600000 0000000 : 6.600000
£.600000  0.000000 6600000
£.600000  0.000000  6.600000
)0 0000000 . 6600000 .
6.600000 0000000 | 6600000 -

£.600000  0.000000 6600000
4500000 0000000  6.600000

. 4500000 , 0.000000 | 6600000
" 4500000 : 0000000 | 6E

Table 2.2-1 Shaft Stations of Jeffcott Rotor As A 4 Element Rotor

Table 2.2-1 shows the Jeffcott rotor modeled as a 4 elementrotor. Each element is composed
of 4 subelements of length 4.5 in. Masses and disks can be placed only at the major mass
stations. The point of having the additional subelements is only to enhance the smoothness
of the computed mode shapes.

The last station number of this model is station 5. The number of major mass stations in a
model will be one greater than the number of elements. The bearings and attached disks can
only be added at major mass stations. For example, the 1* bearing will be specified as acting
at station 1 and the second bearing will be acting at station 5. Station 5 is automatically
generated as the N+1 station number, where N is the number of elements.

Jeffcott Rotor Undamped Critical Speed Mode Shape

Fig 2.2-1 represents the undamped animated mode shape of the Jeffcott rotor on simple
supports. The simulation of fixed or simple supports was made by assuming bearing stiffness
values of 1.0e8 Ib/in for each bearing. High values of Kb should be avoided in large models
as this may lead to convergence problems caused by the creation of large matrices with stiff
elements. The same principle holds for all finite element programs. In this model, a disk with
a weight of 460 1b was placed at the shaft center, at station 3. If one is using the consistent
unit option, then a mass 0f460/386.4=1.19 would have to be specified. It is of interest to note
that the 1** mode for the Jeffcott rotor could be generated with < 1% error with only a 3
station (2 element) model.

2.2-2



2 Jeffcott Rotor 2.2 Rotor Undamped Motion

6 STAGE COMPRESSOR SIMULATED AS A JEFFCOTT ROTOR
UNITS(2) -Engineering English, L=72 In, D=6.6 In, Wdisk=460 Lb, Kb=1.0E8 Lb/In,Wmodal=800Lb
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Figure 2.2-1 Jeffcott Rotor On Rigid Supports , L=72 In, D=6.6 In
Wmodal=800Lb, Ncr=3,944 RPM

Fig. 2.2-1 is a representation of a Jeffcott rotor in which a 460 Lb disk is placed at the shaft
center. The shaft is 72 in long with an average shaft diameter of 6.6 in. The model is a
simulation of a 6 stage compressor mounted in tilting pad bearings. With the Jeffcott model
we are able to determine the rotor modal properties. By knowing the rotor modal properties,
we will be able to later tune the bearings or damper supports to match the modal properties

of the rotor to obtain the optimum rotor damping or amplification factor.
The rotor has the following modal properties:
M o =2072, W, ., =800Lb

K. =353,460Lb/ In

K 353,46
@, = JM g =\/ 507 0 =413 rad /sec = 3944 RPM

modal

The Jeffcott rotor natural frequency appears similar to a simple spring-mass system. A
multistage compressor may be reduced to an equivalent Jeffcott rotor by computing the 1st
critical speed and modal properties assuming stiff supports (Kb=1.0e8 1b/in). The value of
Kb/Ks is almost 300. It will be demonstrated later that the optimum tuning is near unity.
Thus bearing to shaft ratios >100 may be assumed to be “locked up” or rigid. The bearing
damping for K ratios of Kb/Ks>10 will not be effective in the attenuation of shaft motion
while passing through a critical speed. In the design of a turborotor, attention must be paid
to the K ratio if the bearing damping is to be effective.

2.2-3



2 Jeffcott Rotor 2.2 Undamped Transient Motion
Undamped Transient Motion

The time transient motion of the rotor to an initial disturbance is given by

X(t)= X, cos(a)c,t)+ Vs sin(a)c,t) (2.2-7)
a)CI'
The rotor will vibrate at its natural frequency of @,, rad/sec. The motion of the rotor in
either the x or y directions is uncoupled. The motion is determined by the initial
conditions of displacement and velocity.
Consider the case when the motion of the shaft acts under gravity forces only. In the case
the equation of motion in the Y direction is given by:

d*Y
dr?

+olY =-g (2.2-8)

By knowing the natural frequency of the system, of may perform a numerical time
transient analysis of the motion. One must be careful in selecting the proper time step so
as to track the rotor motion. The time step is determined by the requirement to track the
highest frequency in the system. In the case of the Jeffcott rotor with only one
predominate frequency, an appropriate time step is determined as follows:

The rotor natural frequency is Necr = 3,944 RPM = 65.7 CPS
Hz =65.7cps, T =0.152sec/cycle, At =0.0015 For 100 steps/cycle
=0.015x10=0.15sec

tﬁnal = Z-period x N cycles

P e L L

Lateral Analysis Option & Run Time Data

Fig 2.2-2 Time Transient Option Using Newmark Beta Integration With
100 Time Steps For 10 Cycles Of Motion

In the above Fig 2.2-3, the time transient option is selected with the only external forcing
function as gravity. There is no influence due to unbalance, shaft bow, or specified external
time dependent forcing functions. The use of 100 time steps per cycle is excessive. One may
compute the motion with a fewer number of time steps. A similar result is achieved using the
4™ order Runge-Kutta procedure. The Runge-Kutta method is self starting, and uses 4 steps
per cycle. If Newmark does not start, then either the time step should be reduced or the
Runge-Kutta method employed.

2.24



2 Jeffcott Rotor 2.2 Undamped Transient Motion

Fig. 2.2-3 represents the rotor transient motion under the action of gravity.

UNDAMPED TRANSIENT MOTION UNDER GRAVITY LOADING
Station: 3
X disp: Min = 0.00000, Max = 0.00000

0.001 Y disp: Min=-0.0050831, Max=5.9667E-006
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Figure 2.2-3 Time Transient Undamped Shaft Motion Under Gravity
Loading For 10 Cycles of Motion

Fig 2.2-3 shows the x and y shaft motion under gravity excitation. Since the equations of
motion are uncoupled, there is no horizontal motion. The vertical motion maximum
displacement is twice the static displacement. The rotor continues to oscillate about the static
equilibrium position. The motion is shown for 10 cycles and the frequency corresponds to
the rotor natural frequency on rigid supports. For a large multistage compressor, this
frequency may be determined by a simple rap test.

If the center seals are aligned with the bearing centerline, then it is seen that the rotor would
be positioned at an eccentricity of 2.5 mils with respect to the seals. The static deflection of
the rotor should be taken into consideration when positioning the rotor.

For a large multistage compressor, the option for static deflection should be used to determine
the shaft static sag due to gravity forces. Also other external static forces may be applied to
the shaft such as steam loads, gear loads, magnetic forces in order to determine the initial
shaft position and corresponding static bearing loads. In a linear dynamical system, the rotor
will vibrate about the static equilibrium position

In the above simple transient analysis, either the 4™ order Runge-Kutta or the Newmark
method will be acceptable. The Newmark method is faster but may have problems on self
starting if the time step size is too large. One should determine beforehand the highest
frequency that might be excited in the system. The time increment should be small enough to
track the highest system frequency, ~20 steps/cycle.

2.2-5



2 Jeffcott Rotor 2.3 Damped Transient Motion

2.3 Damped Transient Motion

If damping is added at the center plane of the Jeffcott rotor, then the Y equation, for
example may be written in the following form( neglecting unbalance):

2
B f+2§a)c,d—y+a)3,y =0
dt dt

Where ¢ = g‘ = Damping Ratio (2.3-1)

c

C.=2Mm,, = Critical Damping

The transient solution for free vibrations is given by:
V,(0) +Sw Y (0)

@,

Y(f) =e { sin(aJdt) +Y(0) cos(a)dt)) (2.3-2)

Damped Natural Frequency

When damping is added to the center of the Jeffcott rotor, the transient motion oscillates
at the damped natural frequency w,. The motion reduces exponentially due to the
influence of the damping. The damped natural frequency w,, for the Jeffcott rotor, is
lower than the undamped natural frequency w, and is given by:

@, =0,1-E* (2.3-3)

Note that when the damping factor £ = 1, the damped natural frequency w, goes to zero.
The damping ratio £ represents the ratio of rotor damping to the system critical damping.
Amplification Factor And Log Decrement

The damping ratio term £ is not normally used in rotor dynamics. The terms that are
generally employed are rotor critical speed amplification factor Ac and log decrement 9.
These two terms are directly related to the damping ratio as follows:

A = % = Critical Speed Amplification Factor . (2.3-4)

c

The log decrement expressed in terms of £is given by:
27é
J1-¢

When 0 < 0.4, then the approximate expression for the log decrements is:

0=2mwé (2.3-6)

5=

= Log Dec (2.3-5)

2.3-1



2 Jeffcott Rotor 2.3 Damped Transient Motion
Example 2.3-1 Jeffcott Rotor Damping For Ac=10

In this example, a damping acting at the rotor center will be selected to create a rotor

amplification of 10. As a first step we will determine the value of critical damping Cc
based on the Jeffcott rotor modal mass M and the critical speed on rigid supports w.,.

For the Jeffcott rotor as shown in Sec. 2.2, the critical damping Cc is given by:
C.=2M®, =2x2.07x413 Rad / Sec =1710 Lb — Sec/ In

For an amplification factor of 10, we have the following relationships:

ACIL: ,5_

2 10
=£xC,=0.05x1710 = 85.5 Lb— Sec/In

=0.05

In order to add the damping onto the rotor, an additional bearing must be placed at the
rotor center, at station 3. Fig. 2.3-1 shows the rotor bearing section of DYROBES for the
input of the bearing characteristics. The specification of a center span damper at station 3
is given:

K.=K, =0

C,. =C, =858 Lb-Sec/In

Rotor Bearing

F igure 2 3 1 Center Bearmg For Jeffcott Rotor For 85.5 Lb-Sec/In Damping
£=0.05,Ac=10

In Fig. 2.3-1, it is seen that there are no direct bearing stiffness terms assumed. These
terms would tend to increase the critical speed of the rotor. Certain types of seals may
generate a direct stiffness effect, particularly water seals of pumps with a pressure
differential across the seal. Later on we will add a cross coupling term Q referred to as the
Alford effect such that Q = Kxy = -Kyx. The cross coupling effect will promote self-
excited whirl instability. In this case the log dec will be negative.

2.3-2



2 Jeffcott Rotor

2.3 Damped Transient Motion

Fig. 2.3-2 represents the rotor transient motion with the applied center span damping.

Station: 3

TRANSIENT MOTION UNDER GRAVITY WITH Zeta=0.05, Ac=10
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Figure 2.3-2 Damped Transient Motion of Jeffcott Rotor Under Gravity

Loading With £=0.05 , Ac=10

The log decrement is defined as the natural logarithm of the ratio of any two successive
amplitudes. The log decrement expression based on the single degree of freedom system

1s as follows:
Sty =
S=In Y In e sin(@, ¢, + ¢)

Y, e 4o+ gin (cud (¢ +rd)+¢)

—_— gm:r —-—
=ne**™ =¢w 7,

The damped period of motion 7 is given by

2 2
‘Z'd = =
a)d @, \/l o 52
Hence the log decrement in terms of  is given by
2
0= o =27é, Foré<1

=22

2.3-3

(2.3-7)

(2.3-8)

(2.3-9)



2 Jeffcott Rotor 2.3 Damped Transient Motion

In Fig 2.3-2 the maximum motion on the first cycle of motion is approximately 4.7 mils. The
peak to peak motion of the second cycle is 3.5 mils, the third is 2.53 and the fourth is
approximately 1.84 mils. The log decrement may be computed from the measured damped

responce over several cycles as follows:

o= llnﬁz llnﬂz 0.3126

n Y 3 184

n

Solving for £ in terms of O results in the following equation.

0.312
&= J = 6 _ 0.051 (2.3-10)

sV 27x1.001
2 I+(—J
2n

This is very close to the assumed value and hence the rotor will have an amplification factor of
approximately 10 at the unbalance response critical speed.

6

1 "“\

N =CYCLES FOR 50% AMPLITUDE REDUCTION
(N

O 0.05 0.0 0.5 0.20

E= -CQ = DAMPING FACTOR

c

Figure 2.3-3 Number of Cycles N For 50% Amplitude
Reduction (Thomson)

Fig. 2.3-3 shows that for the case of £ =0.05, there will be a 50% reduction in amplitude after 2 cycles
of motion. This is important for blade loss studies on amplitude attenuation.

2.34



2.3 Damped Transient Motion Bearing Forces

In the development of the Jeffcott rotor model, the fixed or pinned supports were generated
by assuming a high bearing stiffness. In the first case, bearing stiffnesses of Kb=1.0E8 Lb/In
were assumed for each bearing. For this case the ratio of bearing stiffness to shaft stiffness
Kb/Ks is over 300. This value of assumed bearing stiffness is excessive and may lead to
numerical problems. For example, some finite element codes such as NASTRAN, in their
sample model even suggest the use of values as high as 1.0E10 Lb/In support stiffness in
order to achieve a pinned support.

Such a large value should never be used in any finite element code as numerical difficulties
may arise due to the generation of excessively stiff elements. In practice, bearing or support
stiffness values seldom exceed a value of 10.0E6 Lb/In. 1t is of iiterest to nof that the
dynamic stiffness of large fluid film journal bearings often exceed 5-10E6 Lb/In stiffness.
In these cases, foundation flexibility must be included in the analysis.

The bearing forces calculated for the high stiffness case of Kb=100.0E6 Lb/In is incorrect
for the second bearing due to numerical problems , even for this simple model. A second
case was generated in which the bearing stiffness values were reduces to Kb=10.0E6 Lb/In.
Fig 2.3-3 represents the transient bearing forces for the No.1 bearing with the bearing
stiffness reduced from 1.0e8 to 1.0e7 Lb/In.

TRANSIENT No. 1 BEARING FORCES WITH Kb=1.0E7
Station: 1
X disp: Min=0.00000, Max = 0.00000
Y dizn Min = -1A50 4 Mav= A AARAA
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F igﬁre 2.3-4 Transient No. 1 Bearing Forces With Kb=1.0e7 Lb/In

The bearing forces in Fig 2.3-4 for bearing No. 1 are identical to the forces computed for
bearing No. 2 and also for the original case with the stiff bearing of Kb=1.0e8. The
difference now is that the forces computed for both bearings are identical. The high
frequency disturbances are not numerical errors but are due to higher mode excitation

2.3-5
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2.3 Damped Transient Motion Higher Critical Speeds

Fig 2.3-4 shows a high frequency oscillation superimposed upon the fundamental Jeffcott 1#
critical speed. Normally only 1 mode is associated with the Jeffcott rotor. This would be the
case if the shaft is considered as massless and no moment of inertia properties are assigned
to the disk.

Since mass has been assigned to the shaft, there are higher modes generated caused by shaft
mass. Fig. 2.3-5 represents the Jeffcott 2* mode. In this mode, the mass center of the disk
is a node point and the mode shape appears similar to the uniform beam 2™ mode. Disk
gyroscopics, to be discussed later, will further elevate this mode.

AAAAAA
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Figure 2.3-5 Jeffcott Rotor 2™ Mode at 23,892 RPM

The transient motion of the rotor due to the gravitational force will not excite this mode.
It will also be shown that unbalance at the disk also will not excite the second mode.
Fig. 2.3-6 represents the 3" mode for the Jeffcott rotor.
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Figure 2.3-6 Jeffcott Rotor 3" Mode At 41,117 RPM

The 3™ mode may be excited by the initial transient motion of the system. Thus increasing
the number of time steps in the analysis will not smooth out the bearing transient response.

2.3-6
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2. Jeffcott Rotor 2.4 Unbalance Response

2.4 Unbalance Response of Jeffcott Rotor

The unbalance response of the Jeffcott rotor will be evaluated with a radial unbalance at the
central disk. The amount of unbalance will be equal to the Jeffcott modal mass offset by 1
mil. The rotor unbalance eccentricity may be represented as follows:
U,=M,,.€, =mR
Where m, /M, ., <<l

modal

(2.4-1)

The unbalance of the rotor U, may be considered as the displacement of the effective rotor
mass a small distance or eccentricity from the axis of rotation. This same effect could be
seen as equivalent to a small weight placed at a distance R radially on the disk. The theory
ofrotor dynamics and balancing assumes that the unbalance weights are small in comparison
to the total rotor weight, or in this case the rotor modal mass or weight.

The units of unbalance will depend upon whether one uses consistent finite element units
(option 0) or English engineering units (option 2) as shown in Fig. 2.4-1. The specification
of consistent units would be as follows:

800 Lb

« = To6 77 saaz < 0-0014n =0.002 Lb— Sec’
n ec

In English engineering units, DYROBES uses 0z-in for units of unbalance.
U,=800Lbx0.001Inx160z/ Lb=12.80z— In

EL10 [
Fi

gure 2.4-1 Specification of Unbalance Using Option 2-Oz-In

The rotating force generated by the unbalance is given by:
F =Me o’ =U,w*, Lbs

2 2.4-2)
For N =3,900 RPM , F, =0.002x(ﬂg;ﬂJ =333.5Lb (

At this speed, (the critical speed), the bearing reaction for a rigid rotor would be 167 Lb.
It will be seen that the actual bearing forces will be over 10 times this value as predicted by
rigid rotor theory.

24-1



2.4 Unbalance Response Disk Unbalance Response

Disk Unbalance Response
Figure 2.4-2 represents the amplitude of motion(0-peak) at the rotor center, station 3.

ROTOR RESPONSE WITH 1 MIL Ub And Ac=10 [0-p), Mils:Displacement - X-Axis
Staion: 3, Sub-Sin: 1, Peak Response = 9.8939 at3900 rpm

AMPLITUDE, MILS

; arar ST SRRV I IO 18 SUUE A U0 S G OP T U UH AT 00 S AT AP ) AT S O PR U T (U0 U S P AN T T O AN e
1000 2000 3000 4000 5000 6000 7000 8000
ROTOR SPEED, RPM

Figure 2.4-2 Jeffcott Rotor Synchronous Unbalance Response With 1 Mil
Modal Unbalance Eccentricity - Ac =10, (0-P) Mils Amplitude

In Fig. 2.4-2, the amplitude is in 0-peak motion. Since the damping was selected to generate
an amplification factor of 10, we see that the peak amplitude at the critical speed of 3,900 rpm
is approximately 10 mils radial displacement. As the speed increases well above the first
critical speed, the radial amplitude of motion will approach 1 mil, which represents the disk
unbalanceeccentricity. The rotor mass center has inverted and is rotating about the spin axis.

Amplification Factor
The rotor amplification factor may be estimated by several means from the plot of the rotor

synchronous response vs speed. The basic definition of the amplification factor is the ratio of

X critical speed X _ 10

A = =< mils =10 (2.4-3)
X e 1

N o« u mil

This method is not always practical, since the rotor amplitude is not measured to a high
enough speed. Also, with most multistage compressors and turbines, the effects of the second
critical speed will begin to appear. Another more practical method is the half power point
method derived from electrical engineering. This method is based upon the assumption of a
constant forcing function, but it represents a good approximation of the amplification factor
for light to moderate damping. If damping is heavy, then amplification factor at the critical
speed is obviously not a problem.

2.4-2



2.4 Unbalance Response Half Power Point Method

Half Power Point Method

A good approximation of the rotor amplification factor for a response critical speed is by the
application of the half power point method. In this method, a horizontal line is constructed equal
to 0.707 of Xmax at the critical speed. The amplification factor is given by dividing the critical
speed by the band width as determined by the .707 Xmax line.

N
A. = £ (2.4-4)
AN 507
Fig. 2.4-3 represents the unbalance response for the restricted speed range of 3,000 RPM to 5,000
RPM in order to compute the speed increment at the half power points.

RESPONSE FROM 3500 RPM To 4500 RPM wiTH Ac=10:Displacement — Semi-Major Axis
Station: 3, Sub-Stn: 1, Peak Response = 9.8939 at 3900 rpm
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Figure 2.4-3 Jeffcott Rotor Response From 3,000 RPM to 5,000 RPM
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The half power point line would be at the amplitude line of 7 mils. The frequency increment at this
line is AN=400 RPM. The amplification factor Ac is thus 3,900 /400=9.75.

The half power point method is a reasonable procedure to estimate the rotor unbalance response
based upon experimental data. [t should be noted that the amplification factor predicted will vary
somewhat depending upon the position along the shaft. For example, the amplification factor
predicted near a bearing will usually result in a lower value then that predicted near the center span.

With multi mass rotors, it is not practical to compute the amplification factor based upon the ratio
of the amplitude at the critical speed and the unbalance eccentricity. The half power point method
provides a practical procedure to compute, not only the first, but also higher amplification factors.
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2.4 Unbalance Response Bode Plot

Bode Plot

The bode plot for the Jeffcott rotor shows both the amplitude of motion and the phase angle
change. The amplification factor may also be determined from the rate of change of the
phase angle while passing through the critical speed region. The faster the rate of change in
phase while passing through the critical speed region, the higher the amplification factor.
Therefore, with high amplification factor rotors, it is not desirable to attempt to balance near
the critical speed region using the influence coefficient method due to the rapid rate of
change of phase with only small changes in speed.

Fig. 2.4-4 represents the amplitude and phase plot for the rotor mass center. The
combination of the two plots together is referred to as the Bode plot. It is seen that at the
critical speed, the phase angle is 90°. The shaft deflection vector is lagging the unbalance
forcing function by 90° at the critical speed. If the shaft should rub while passing through the
critical speed, this rub mark would indicate the high spot . A balance correction weight then
should be placed at 90° from the rub mark opposite the direction of rotation. This would then
place a correction weight at 180° from the shaft heavy spot.
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Figure 2.4-4 Bode Plot For Jeffcott Rotor Showing Amplitude And Phase

The rotor amplitude of motion is given by:

2
Alw), = Mew (2.4-5)

" (K -Mo)+(Co)
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2.4 Unbalance Response Phase Angle For Various §
Phase Angle For Various Values Of §

The rotor damping ratio § will determine the rate of change of the rotor phase angle while
passing through the critical speed region. Fig. 2.4-5 represents the phase angle plots vs the
dim. speed ratio f. The value of f= 1 represents the dimensionless critical speed. At this
value, all of the damping curves pass through the same point at the phase angle of 90°.
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Figure 2.4-5 Rotor Phase Angle Vs Dimensionless Frequency Ratio
For Various Values Of §

The relative phase angle change between the displacement vector and the unbalance forcing

function is given by:
Cw
=tan™'| ———
? ( K-Mo’ )
In dimensionless form (2.4-6)

. mn_l[lzéfz)

As the speed greatly exceeds the critical speed, f>> 1, then the phase angle approaches 180.
This implies that the rotor has self balanced and is rotating about the mass center with a
radial orbit of e,. It is also important to note that if & exceeds 0.5, then there is no peak
critical unbalance response speed observed. This corresponds approximately to a log dec
value of 6 = .

Lightly damped rotors are difficult to balance within +10% of the critical speed by means
of the influence method of balancing. The three trial weight method is preferred.
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2.4 Unbalance Response Polar Plots

Polar Plots

The rotor amplitude and phase may be combined to produce a polar diagram. The polar
diagram is useful in the determination of the rotor unbalance location and also to indicate
possible initial bowing of the shaft.

‘ POLAR PLOT Of JEFFCOTT ROTOR , MILS (P-P) — (pk-pk)
Station: 3, Sub-Station: 1
Speed range = 1000 - 8000 rpm
probe 1 (x) 0 deg - max amp = 19.788 at 3900 rpm
probe 2 (y) 0deg - ma; ;fo'np =19,788 at 3900 rpm

Rotation

90  Full Scale = 20

File: C:\DyRoBeS\Dyrobes_Book_Ex\JefUb_1Mil_Ac10.rot

Figure 2.4-6 Polar Plot Of Rotor Motion With Radial Unbalance Of
e, = 1Mil At 0 Deg

At low speed, the polar plot starts off tangent to the 0 Deg axis. This is because the
unbalance is in phase with the deflected shaft at low speeds, below the critical speed. As the
speed increases, the deflection phase angle begins to lag the forcing function. Therefore, the
phase angle increases opposite to the direction of rotation. At the critical speed, the phase
angle is 90°. The marks on the polar plot are for equal time increments. Notice that at the
critical speed, the phase is changing the most rapid.

As the speed continues to increase, the phase angle approaches 180°. The amplitude of
motion becomes smaller and approaches 2xe,, the unbalance eccentricity. For balancing, an
initial trial weight should be placed at the 180° position with a magnitude of U, =M, €,
If a line is constructed to the maximum deflection vector (at 90° ), then a perpendicular
vector is drawn from this line opposite the direction of rotation. This gives a good
approximation for the location of a rotor initial trial weight Ur for balancing.
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2.4 Unbalance Response Rotor Phase Below, At And Above Critical Speed

Rotor Displacement And Mass Center Relationships At
Various Speeds RoToR Omsgffmgm R
Fig.2.4-7represents the shaft orbitrecorded atthe  r2gmm

rotor critical speed of 3,900 RPM. At this exact t0f— 1 i ‘“"L-':*—‘

Speed = 3900 rpm
a =9.6930, b=0.8839

speed, the phase of the rotor motion is lagging the " ||

unbalance forcing function by 90°. j_ / |
The radius of the rotor amplitude at the critical ;. 7 1] ﬁ \
speed is 9.89 mils. Since the rotor unbalance o = C j‘; - }
eccentricity is approximately 1 mil, then the 2— 1\ i . -

amplification factor at the critical speed is approx-  “F | \ J T i
imately 10. The amplitude recorded on a Bently ~ | | N T T 111 "'g“T‘“g
proximeter probe on peak to peak would be : LN |4 :

recorded as 19.7 mils. _‘25, n | | |

Figure 2.4-7 Rotor Orbit At Critical
Speed - N =3,900 RPM

€W, ™o, wW>» Oy
B=0 p=3 p=x
Figure 2.4-8 Rotor Amplitude-Phase Behavior Below, At And Above
The Rotor Critical Speed

In the orbits shown, the rotor whirl motion is counter clockwise. The Bently probe
convention is to show a blank space and then an indicator mark. This mark is generated by
a keyphaser probe. In this case the keyphaser is in the x dir. Fig. 2.4-8 shows the rotor
response at various speeds with respect to the critical speed. At low speeds when @ << @,

then the mass center vector CM is in line with the shaft deflection vector OC . The point
labeled H represents the shaft HIGH spot and U is the unbalance or HEAVY spot.
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2.4 Unbalance Response Rotor Phase At And Above Critical Speed
Phase At Critical Speed

The center diagram shows the rotor deflection vector OC at the critical speed when W= @,,.
At this speed the deflection vector is lagging the unbalance vector CM by 90°. The line of
OC extended represents the high spot H on the shaft. At this speed it is seen that the high
spot H on the shaft is 90° lagging the heavy spot U on the rotor. If, for example, a seal rub
occurred on the shaft while passing through the critical speed, it would make a mark at the
point H on the shaft. The proper location to place a trial balancing weight then would be at
a spot lagging the rub mark by approximately 90°. It would be improper to place the trial
weight 180° out of phase to the rub mark as this would add to the total unbalance in the rotor.
Phase Above Critical Speed

Asthe rotor speed exceeds the rotor critical speed, the phase angle increases from 90° to 180°
at the speed increases well above the critical speed. At very high speeds of rotation, there
is no further increase as the rotor system has now self balanced . By self balancing, we mean
that the rotor mass center lies along the shaft spin axis. No further increase in amplitude will
occur until a higher order mode is encountered due to shaft mass effects. From the polar plot
of Fig. 2.4-6 it is seen that the p-p orbit approaches 2 mils at 180°. This point indicates the
location for the rotor trial weight placement for balancing.

Bently Probe Phase Convention

Fig. 2.4-9 shows the typical Bently prox probe phase lag convention. When the keyphaser

Shaft
displacement ll 13 5".‘
pickup

e
Bep SRVANNA
JARVERN

(a)

. /\
NSV IRV

()

Figure 2.4-9 Bently Probe Lag Phase Convention For Clockwise
And Counter Clockwise Rotation

Phase pickup

probe lines up with the shaft notch, the zero reference is set. The high spot is measured from
the probe opposite the direction of rotation. This applies to both CC and CCW rotation.
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2.4 Unbalance Response Jeffcott Rotor With Arbitrary Unbalance

Jeffcott Rotor With Arbitrary Unbalance

Fig. 2.4-10 represents the Jeffcott rotor with an arbitrary placement of the unbalance weight
on it. The mass center location is measured from the keyphaser opposite the direction of
rotation. The angle of the mass center measured from the keyphaser is @,

Y

&

Heavy spot
é wt "‘\‘— ¢M‘§2<‘/
a.
> B
}T- High spot
— Keyphasor

0 { probe

Figure 2.4-10 Jeffcott Rotor Showing Arbitrary Unbalance Location

The relative phase angle measured from the mass center to the deflection vector is . The
absolute phase angle as measured from the keyphaser to the heavy spot is @= @, + L.
It is apparent from Fig. 2.4-10 that the high spot does not correspond to the rotor heavy spot.
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2.4 Unbalance Response Bearing Forces Transmitted

Bearing Forces Transmitted

Fig. 2.4-11 represents the bearing forces transmitted for the flexible Jeffcott rotor in
comparison to the bearing forces transmitted as if the rotor were perfectly rigid. The
computation of rigid bearing forces may be accomplished by DYROBES by assuming a high
modulus of elasticity of E=30.0e8. This places the first critical speed well above the
operating speed and creates a rigid rotor. In Fig. 2.4-11 the maximum bearing forces
transmitted occurs at the first critical speed at 3900 RPM with a magnitude of 1935 Lb.
The rigid bearing forces transmitted at the critical speed to each bearing is given by:
BEARING FORCES WITH 12.8 OZ-IN Ub (1 Mil Ecc)

Bearing/Support Station: 1
Max Forces = 1934.7 at 3900 rpm

2000 LI LS Y L L L L L B L O | B e B 0 4

B
1
|
]
|
1
1
|
|
'
|
|
|
'
1
|
I
]
'
'
|
1
|
I
1
-
I
|
1
'
'
I
|
[
r
[i
1
I
|
'
|
|
'

1600 —--------- |

1000 |- -~ ------ R boom o .

BEARING FORCES, Lb

i
)
500 e S AR f
1
i
i

ROTOR SPEED, RPM
Figure 2.4-11 Bearing Forces Transmitted For Flexible And

Rigid Rotor
Me 12.80z-in  (3900x2z\’
F, ="vug?= Sl =173Lb (2.4-7)
AET) 2x160z/1bx386.4\ 60 )

By dividing the maximum bearing force at the critical speed by the theoretical forces
generated by a perfectly rigid rotor, one may compute the rotor dynamic transmissibility at
the critical speed. This value is similar to the rotor amplification factor and may be even
higher. The value of TRD at the critical speed is equal to 1,935 Lb/173 Lb=11.8.

[t is important to note that at speeds below N < \/ENC,, the dynamic transmissibility

function is greater than 1. At speeds above 1.4Ncr, the TRD values become less than 1.
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2.4 Unbalance Response Dynamic Transmissibility

Dynamic Bearing Transmissibility

The dynamic bearing Transmissibility may be defined as the ratio of the bearing forces
transmitted at any speed to the bearing forces transmitted assuming that the rotor is perfectly
rigid. The TRD ratio is given by the following equation.

TRD ( a)) — F bearing— flexible rotor (2. 4-8 )

bearing—rigid rotor

For the case of the Jeffcott rotor on pinned supports, the bearing transmitted force ratio may
be computed as follows:

" _KA(o) _ K
TRD( ) Me o \/(K—Mw2)2+(Ca))2
_ 1

J(-77) +(267)

(2.4-9)

For the dimensionless speed value f at which the TRD value is unity, we have

TRD (a)*) =1= ! W - For low damping  (2.4-10)

=7+ Ger) (-7
Solving for f* for the cross over speed we obtain:

1= 1 - 1 since " >1

’(l_f Q)’ fe- (2.4-11)
S f?=20r f'=J2 ; N'=1414N,,

From Eq. 2.4-11 we see that the dynamic transmissibility function is not reduced below 1
until the rotor has exceeded 40% above the critical speed. This is an important design factor
with large utility fans. It has been the design practice to attempt to design fans as rigid rotors
operating below the first critical speed.

This has lead to the design of stiff fans on rolling element bearings operating below the first
critical speed. The results of such a design practice has been the development of fans that
are difficult to balance and with very short bearing life. The results of such design practices
has caused utilities millions of dollars in repairs and loss of power generation due to
excessive down times. Proper fan design would place the first critical speed at least 40%
below the running speed. In order to accomplish this with rolling element bearings, a flexible
damper support would need to be incorporated into the design in order to avoid problems
passing through the first critical speed region and also to avoid stability problems.

2.4-11



2.4 Unbalance Response Arbitrary Unbalance Location

Unbalance At Arbitrary Location

The rotor unbalance may be specified as acting at an arbitrary location. Fig. 2.4-10, for
example, shows the arbitrary unbalance located at an angle of @, drawn counter to the
direction of rotation. This places the unbalance weights and phase angular measurements
both in a phase lag convention. In order to use the phase lag convention, Fig 2.4-12 shows
the specification of the unbalance weight of 12.8 0z-in at element 3 at the lag angle of 45°.

Rotor Bearing System Data !

Axial Forces | StaticLoads I Constraints l Misalignments ] ShaftBow I TimeForcing I Torsional/Axial
Units / Description I Material I Shaft Elements I Disks Unbalance I Bearings I Supports I User's Elements
Ele | Sub | Left Unb. ] Left Ang. | Right Unb. | Right Ang. | Comments _[‘

1 1 12.8 -45 0 o oz-infor 1 mil.45 Deg _|
2
3
4

Figure 2.4-12 Specification Of 12.8 Oz-In Unbalance At 45 Deg Lag Angle ( e, =1 Mil)

Balancing computations and measurements Siton: . sup-etaton 1
. peod range = 1000 - 9300 rp:
using noncontact prox probes usually employ g;gg:;gy; Deea- m::g :gg ;:ggg m

the lag phase convention. Fig. 2.4-13 repres-
ents the polar plot for the Jeffcott rotor with

the unbalance shifted 45° against rotation

from the keyphasor position.

In Fig. 2.4-13, a line is drawn to the maximum
amplitude of 19.82 mils p-p at the critical
speed of 3925 RPM. This value is slightly
larger than the value shown in Fig. 2.4-6 since

a finer speed increment of 25 RPM was used in
the calculations. The maximum amplitude vector

is drawn at the phase angle of ®_ = 135°.

The maximum amplitude vector lags the plane
of unbalance by 90° .

90 Full Scale =20

Fig. 2.4-13 Polar Plot With 45° Phase Lag

It should be noted that the amplitude vector at

low speed is tangent to the plane of unbalance at 45°. As the speed increases, the lag angle
and amplitude of synchronous motion increase until a maximum value is reached at the
critical speed. As the speed is increased further, the amplitude reduces and the phase angle
continues to increase to a maximum theoretical value of 180°. In an actual rotor, one may
encounter phase angle increases above 180°. This is an indication that a higher order critical
speed is being entered into.

In the limit, the amplitude in the polar diagram will reduce to 2xe,, twice the unbalance
eccentricity ( since this plot is in peak to peak motion ).

A tangent vector drawn from the origin and passing through the projected location of point
2e, defines the balance plane. The balance correction should be placed at this location. A
trial magnitude may be estimated from the product of the modal mass Mxe,.
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2. Jeffcott Rotor 2.5 Response With Shaft Bow

2.5 Response of Jeffcott Rotor With Shaft Bow
Rotor Description

The generalized Jeffcott rotor with shaft bow and unbalance is shown in Fig. 2.1. The rotor has
an initial shaft bow of d,. At low speeds, the center of the disk, point C moves in a circular orbit
of radius &, about the origin. The shaft bow may be caused by improper attachment of the disk
to the shaft, gravitational sag or it may be thermally induced. If the shaft bow is excessive, then
high bearing forces will be encountered and the rotor may be difficult to balance. It will be seen
that the forced synchronous response due to shaft bow will appear very similar to the
characteristics of forced response due to radial disk unbalance.

Equations of Motion With Shaft Bow
The equations of motion with shaft bow are similar to Eq. (2.2-4) as follows:

MX+C, X +K,(X-X,)=Me,w’cos(wt-4,) -
.5
MY +CY+K, (Y-V,) = Me,@’ sin(wt-4,,)

The shaft bow in complex notation may be expressed as:
0. =X +iY¥.=Z, (2.5-2)

The total synchronous motion due to the combination of both unbalance and shaft bow is:

L (2.5-3)

The total motion of the shaft is a vector combination of unbalance and shaft bow. Note that both
components share the same common denominator. Thus both effects have similar amplification
factors. Hence it is possible to balance out shaft bow with suitable unbalance.

Specification of Shaft Bow

Rotor Bearing System Data

Units / Description | Material | Shaft Elements l Disks I Unbalance | Beari | Supports | User's Elements |
Axial Forces | Static Loads | Constraints | Misalignments Shaft Bow nTsﬁme Forcing | TorsionalAxial

Curve Fitting Method
€ None & [Spind ¢ Pofynominat

[ X |

0.0007
0.001
0.0007
0

[ Comments I:I

1 MILCENTER BOW - SPLINE FIT

(ﬂbwl\)—*g
o O O © O

IO!O‘IAO)N-—'

Figure 2.5-1 Specification of 1 Mil Shaft Bow At 0 Deg

Fig. 2.5-1 represents the specification of the 1 mil shaft bow at the O deg location. If one chooses
a cubic spline curve fit, it 1s only necessary to pick the amplitude at the disk and set the bow
vector to O at the bearings. The x-y coordinate system is a relative coordinate system attached to
the shaft. The x axis may be assumed to pass through the keyphasor mark and the y axis forms
a right handed reference system and is positive in the direction of rotation.
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2.5 Response With Shaft Bow Response With 1 Mil Bow

Response With Bowed Rotor

Fig. 2.5-2 represents the response of the Jeffcott rotor with a 1 mil bow at the zero deg
location. The amplitude , shown as 0-P starts at 1 mil at low speed. This initial amplitude
represents the bow in the shaft. It should be noted, that if a prox probe is placed on the disk,
then an initial mechanical vector may also be observed which is not shaft bow. This vector
is simply the mechanical runout of the disk and does not contribute to the rotor excitation.

RESPONSE WITH 1 MIL SHAFT BOW, MILS@-P) :Displacement -- Semi-Major Axis

Station: 3, Sub-Stn: 1, Peak Respanse = 9.9636 at 3300 rpm
10 TTTTTTTTTT TTTTTTTTTY RAREEEER; AREEEZERE] TTTTTTTTTT TTTTTITTTT T T TITTITT LEEREZRE R TTTTTT 7T
e ' ' ' | ! ' ' ' '

Displacement

TR ETE NIRRT NS FR TR TR TS AT RN TR NA FAR RN TR TU FERTRRTNE FRTRN TR UTE FTRNT RN TN
o 1000 2000 3000 4000 5000 6000 7000 8000 000 10000
Rotational Speed (rpm)

Figure 2.5-2 Jeffcott Rotor Response With 1 Mil Shaft Bow

In Fig. 2.5-2, it is seen that the rotor motion is initially 1 mil. At the critical speed, the
maximum response is approximately 10 mils since the amplification factor is 10. From Eq.
2.5-3, it is seen that the amplification factor at /=1 for both unbalance and bow is:

1
L ¥4
Therefore it is seen that the bow vector dr has the same effect as the unbalance eccentricity
vector e, at the critical speed. It is also apparent that the balancing requirement for the

Jeffcott rotor with shaft bow is similar to the balancing requirement with the radial
displacement of the rotor modal mass center.

Ub = wbalanceRdisk = 5rW

modal

A

cr

(2.5-4)

= eﬂ Wmodﬂf (2 .5 '5)

Thus a small amount of shaft bow may require a very large balance correction weight to
compensate for it. In the above example with the 1 mil bow, 12.8 oz-in would be required
to balance out the shaft bow. With large turbines or compressors, it is not usually practical
to balance out large initial shaft bow vectors. It is also apparent that initial thermal bows may
lead to high rotor vibrations.

2.5-2



2.5 Response With Shaft Bow Bearing Forces With 1 Mil Bow

Fig. 2.5-3 represents the peak-to-peak polar plot with 1 mil shaft bow. The vibration at low
speed is shown as 2 mils. The polar plot with shaft bow is circular in nature. Athigh speeds,
well above the critical speed, the bow straightens out and the amplitude goes to zero.

POLAR PLOT WITH 1 MIL SHAFT BOW AT 0 Deg, Mils (P-P) — (pk-pk)
Station: 3, Sub-Station: 1
Speed range = 0- 10000 rpm
probe 1 (0 0deg- maxamp = 19.927 at 3800 rpm
probe 2¢) Odeg- maxzavrgp =19.927 at 3800 rpm

Rotation

80 Full Scale=20

Figure 2.5-3 Polar Plot Of Jeffcott Rotor With 1 Mil Bow

Bearing Forces With 1 Mil Bow
Fig. 2.5-4 represents the bearing forces transmitted with 1 mil shaft bow.

BEARING FORCES TRANSMITTED WITH 1 Mil BOW
Bearing/Support Station: 1

Max Forces = 1954.8 at 3925 rpm
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Figure 2.5-4 Bearing Forces Transmitted With 1 Mil Shaft Bow
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2.5 Response With Shaft Bow Bearing Forces With 1 Mil Bow

The bearing forces as shown in Fig 2.5-4 are zero at low speed and reach a peak at the critical
speed. As the speed increases, although the rotor amplitude approaches zero as the speed
increases, the bearing forces do not. This is because the initial shaft bow causes a bearing
reaction due to the bow vector being straightened out. The high speed bearing forces
transmitted is in direct relationship to the initial bow and the shaft stiffness as follows:

= Ksé‘baw
brg N—ow - 2
48E1 D’ (20
Where K =——— ; I= il
L 64

Example 2.5-1 Bearing Force Estimate At High Speed And At The Critical Speed
Consider the Jeffcott rotor of Fig 2.2-1. The shaft characteristics are as follows:

L =72in ; D,=6.6in ;E=30.0x10°Lb/in
_ D] _48EI

3
s

The bearing force at high speed is :
F _ K0, 359,162x0.001

brg f >0

I

=93.1in* ; K =359,162 Lb/in

=178 Lb

The bearing force at the critical speed is approximately
F, =A, xF, =10x178=1,780Lb

brg f=1 rg f >

From the above example, it is seen that although the rotor amplitude due to shaft bow reduces
to zero as the speed exceeds the critical speed, the bearing forces do not. The high speed
bearing forces are approximately equal to the product of the initial shaft bow times the shaft
stiffness value. Fig. 2.5-4 shows the bearing forces approaching 200 Lb at 10,000 RPM as
compared to the approximate value of 178 Lb as calculated above.

The maximum bearing force transmitted at the critical speed with the 1 mil shaft bow is 1955
Lb as shown in Fig. 2.5-4. This value should be compared to the computed maximum bearing
force of 1935 Lb as shown in Fig. 2.4-11 for the unbalanced rotor in which the modal
unbalance eccentricity (12.8 oz-in) is 1 mil. Although the speed dependent response
coefficients are different for radial unbalance and shaft bow, it is seen that at the critical
speed, the response and bearing forces transmitted have similar effects.
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2.5 Response With Shaft Bow Response With Bow And Unbalance

Response With /e, = 0.5 At 90° Lag To Unbalance

Fig. 2.5-5 represents a cross section of the Jeffcott rotor taken at the disk location. The rotor
unbalance eccentricity vector e, is directed along the relative X axis. The keyphaser mark on
the shaft determines the relative X axis. The timing mark on the shaft is shown lined up with
the absolute X axis. The shaft is directed along the Z axis, forming a right handed coordinate
system. The relative ¥ axis attached to the shaft is positive in the direction of rotation.

Y
A

I .
L

Probe

M

Reference
timing mark

Figure 2.5-5 Rotor Cross Section Showing Relative Positions Of
Unbalance Eccentricity Vector e, And Shaft Bow 0,

The rotor unbalance and shaft bow components are specified with respect to the relative X, ¥
axes attached to the shaft. In Fig. 2.5-5, the bow vector Jr is shown drawn at the lag angle
of @ =90°. The unbalance eccentricity vector e, is shown drawn with the lag angle of @,
=(0°. The unbalance is specified as lying along the direction of the timing mark or keyphaser.

Since the unbalance eccentricity vector and shaft bow have the same influence coefficients
at the critical speed, the total response may be considered as the vector sum of the two
components. Thus a small amount of shaft bow may exert a large unbalance response which
is equivalent to the unbalance as follows:

U = M modal x §r (2. B 7)

bow

Thus the response of the Jeffcott rotor at the critical speed with 1 mil shaft bow is equivalent
to the unbalance response of 12.8 oz-in or 1 mil modal eccentricity at the critical speed.
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2.5 Response With Shaft Bow Response With Bow And Unbalance

Fig. 2.5-6 represents the response for a range of damping ratios in which the shaft bow is
72 of the rotor unbalance eccentricity and is lagging the unbalance vector by 90deg.
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Damping ratio
E=0.1
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Fig. 2.5-6 Response Of Bowed Rotor With Fig. 2.5-7 Phase Angles Of Bowed Rotor
Or=0.5 , Or =90° With 0r=0.5 , ®r=90°

In Fig 2.5-6, the initial response is equal to the shaft bow. As the speed increases, the
influence of unbalance begins to take effect. The amplitude at the critical speed is equal to
the product of the rotor amplification factor times the sum of the unbalance eccentricity
vector and the shaft bow vector. As the speed exceeds the critical speed, the rotor motion
approaches the dimensionless unbalance eccentricity value of 1.

InFig.2.5-6, for avalue of £=0.1, the critical speed amplification factoris 4, =5. Forthe
case of dimensionless unbalance of e,=1.0, the dimensionless amplitude at the critical speed,
at f=1 would be 5. The effective excitation unbalance eccentricity is given by:

eeff = \/(ell COS¢m +§rx )2 +(—eu Sin¢m +5ry )2 = 1 +0.52 = 1.12
A =1.12x5=5.6

critical speed —

(2.5-7)

If the shaft bow vector is within 120 deg of the unbalance eccentricity vector, then the
response will be increased. Beyond 120deg separation, the 2 effects will start to cancel each
other out. This leads to balancing procedures of shaft bow with unbalance corrections placed
out of phase to the bow vector. Fig 2.5-7 shows the phase relationship. Notice that it is
possible to have a reversal in phase as speed increases due to the influence of shaft bow.
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2.5 Response With Shaft Bow Balancing Shaft Bow With Unbalance
Response With Bow Vector At 180° Out Of Phase To Unbalance

Fig. 2.5-8 represents the rotor response in which the bow vector 0 /e, =0.5. The relative bow vector
is half of the unbalance eccentricity vector and out of phase to the unbalance. In this case the rotor
amplitude goes to zero at 70% of the critical speed. At this speed, the influences of shaft bow and
unbalance are equal and out of phase.
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Figure 2.5-8 Response With Dimensionless Shaft Bow 0f 0.5
Out Of Phase To The Unbalance

At very high speeds, the amplitude will approach 1 which represents the dimensionless unbalance
eccentricity value. Fig. 2.5-9 is similar to Fig. 2.5-8 except that the shaft bow is now twice the
unbalance eccentricity vector. In this case, the influence of shaft bow and unbalance are equal and
of opposite signs at a speed of 141% of the critical speed. In Fig. 2.5-10, the shaft bow is of equal
value to the unbalance eccentricity vector but 180° out of phase. In this case the rotor amplitude is
zero exactly at the critical speed.
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2.5 Response With Shaft Bow Balancing Shaft With Unbalance
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Fig. 2.5-9 Response With Dim. Shaft Bow Of
2 Out Of Phase To Unbalance

1.60—

Damping ratio
E=0.1
140

1.20

1.00k%

0.80

0.60

Amplitude ratio §/e,

040

0.20

1 | |
0.00 0.50 1.00 150 2.00 250 3.00
Frequency ratio w/w,,
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2.5 Response With Shaft Bow Industrial Compressor With Shaft Bow And Unbalance

Jeffcott Simulation Of Industrial Compressor With Shaft Bow And Unbalance

Fug 2.5-11 represents the unbalance response of a multistage compressor in tilting pad
bearings. From the comparison of Fig. 2.5-11 to Fig 2.5-9, it can be seen that the rotor
has shaft bow as well as unbalance.

s0r
Speed Down, Probe No. 1
g &
=2
%)
s
o
g 30 |- Operating Speed
-g- 9,800 rpm
@
go!
=
a 5
€ 20 r
<
=
-..g. Measured First
@ Critical Speed
g 10F 3,700 (pm
Calcutated Undamped
Critical 3890 rpm on Rigid Bearing
G . | 1 1 L 1 L 1
0 1 2 3 4 5 6 7 8 9 10
Speed x 103 rpm

Figure 2-5-11 Response of 6 Stage Compressor With Shaft Bow And Unbalance
(Allaire 1992 )

From Fig. 2.5-11, as recorded by Allaire, it is apparent that, in addition to rotor unbalance,
the rotor also has shaft bow. The amount of shaft bow is approximately one-half of the
modal unbalance eccentricity vector. Since the rotor amplitude approaches zero near 2700
RPM, the bow is out of phase to the unbalance vector. After the critical speed is reached at
3700 RPM, the rotor amplitude reduces to the 1* modal unbalance eccentricity. Above 7000
RPM the rotor motion begins to increase slightly due to the influence of the second mode.

Simulation Using DYROBES
The response of the 6 stage compressor may be simulated by the Jeffcott rotor model using
equivalent modal parameters to simulate the rotor response through the first critical speed.
In the previous jeffcott model, the center span damping was doubled to represent the more
highly damped compressor. A shaft bow vector of .5 mils at zero deg was assumed. The
unbalance vector was assumed to be acting at 178° Since the bow vector is approximately
one-half the modal unbalance eccentricity vector, the minimum response approaching zero
will be at 70% of the critical speed.
Fig. 2-5-12 represents the rotor amplitude of the simulated 6 stage compressor with a small
bow and the unbalance eccentricity of twice the magnitude but out of phase.
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2.5 Response With Shaft Bow Industrial Compressor With Shaft Bow And Unbalance

Jeffcott Simulation Of Industrial Compressor With Shaft Bow And Unbalance
Fig. 2.5-12 represents the simulated motion of the 6 stage compressor using DYROBES
with shaft bow in the Jeffcott model along with center plane rotor unbalance.

Statuon 3 Sub Stn 1, Peak Response = 39.921 at 4000 rpm

50 e TITTT I T T I I T T T T A T T T A T T T v e r T T rvriiter LR R TTITTTTTT TT
' | | 1 I 1

Displacement

ROTOR SPEED, RPM

Figure 2.5-12 Jeffcott Model Simulation of 6 Stage Compressor
Response With Shaft Bow And Out Of Phase Unbalance

In this case Jeffcott rotor properties of mass, stiffness, and damping represent the multistage
compressor first modal properties. The modal unbalance eccentricity vector is twice as large
as the shaft bow and is out of phase to the bow. Since the unbalance is larger then the bow
the motion approaches zero below the critical speed. The local self balancing speed of zero
amplitude is proportional to the square root of the ratio of bow divided by the modal
unbalance eccentricity vector times the critical speed as follows.

/5

N e b N

local balance ~— eow X AN critical speed (2. 5-9)
u

The rotor appears to be balanced at the low speed of 2,800 RPM which is below the first
critical speed. At this speed, the two effects cancel each other out. The rotor is not correctly
balanced. Measurements for field balancing the compressor should include readings above
the first critical speed as well as below it if a least squared error balancing program is used.
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2.5 Response With Shaft Bow Industrial Compressor With Shaft Bow And Unbalance

Phase Relationship With Shaft Bow And Out Of Phase Unbalance

Fig 2.5-13 represents the phase change with the combination of shaft bow and unbalance
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Figure 2.5-13 Phase Angle Change With Small Shaft Bow And Out of Phase Unbalance

Fig. 2.5-14 represents the polar plot of the synchronous response with bow and unbalance.

Station: 3, Sub-Station: 1
Speed range = 100 - 10000 rpm
probe 1 (x) 0 deg - max amp = 39.921 at 4000 rpm

270

Rotation
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Figure 2.5-14 Polar Plot Of Rotor Motion With Small Bow
And Unbalance Out of Phase
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2.5 Response With Shaft Bow Response With Bow And Unbalance

Phase Response With Various Bow 6, And Unbalance e, Values

Trace of maximum 270° 270°
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eIJ
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Figure 2.5-15 Polar Plot Of Timing Mark As Speed Increases For Various Values
Of Shaft Bow O, And Unbalance Eccentricity e, (Nicholas et al., 1976)

Fig. 2.5-15 represents the change in the timing reference mark as speed changes for various
combinations of shaft bow and unbalance. In Fig.(a) ,we have the conventional change from
0 to 180° as would be expected for the Jeffcott rotor. Fig 2.5-13 shows a 180° shift at 2700
RPM which is not the critical speed ot the rotor. The phase then continues to increase to 360°
due to the combination of bow and out of phase unbalance.

Normally, with conventional unbalance we would see the timing mark moving smoothly
against rotation. However, when shaft bow is present, a reversal in the phase at some speed
may occur depending on the bow magnitude and relative phase. For example in (c), the shaft
bow is %2 of e,. The phase reverses until a speed of 60% of the critical speed is reached.

2.5-12



2 Extended Jeffcott Rotor 3.1 Rotor Description

3 EXTENDED JEFFCOTT ROTOR

3.1 Description of Extended Jeffcott Rotor

Figure 3.1-1 represents the single mass Jeffcott rotor mounted on flexible damped supports.
This model is often referred to as the extended Jeffcott Rotor. The generalized Jeffcott rotor
is the natural and logical extension of the original Jeffcott rotor on simple supports. At the
time H.H. Jeffcott performed his analysis, it would have not been possible to evaluate a more
complex model. Also, the concept of bearing or support stiffness and damping properties
was not developed at this time.

The extended Jeftcott model as shown in Figure 3.1-1 was taken from the book “Rotating
Machinery Vibrations”, Marcel Dekker, 2001, pg 34 by Dr. Mike Adams. In his
representation of the extended Jeffcott rotor, he shows a system of 8 degrees of freedom.
These degrees of freedom represent the 6 horizontal and vertical displacements of the
bearings and center span disk plus 2 additional degrees of freedom to represent the disk
conical motion. In Fig. 3.1-1, the disk rotational degrees of freedom are not included as this
leads to higher order modes of motion involving the gyroscopic moments acting on the disk.
The subject of disk gyroscopic effects will be treated in Chapter 4.

Figure 3.1-1 Jeffcott Rotor On Flexible Supports

The disk angular coordinates are required to represent the disk gyroscopic moments. The
inclusion of the disk gyroscopic moments creates a higher conical mode of motion in which
the disk mass center is a node point. In general this second mode is well above the normal
operating speed of the Jeffcott rotor first mode and is not likely to be encountered .
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3 Extended Jeffcott Rotor 3.2 Equations Of Motion

From the standpoint of understanding the behavior of the extended Jeffcott rotor on flexible
supports, the gyroscopic moments are not required and hence will be neglected in this
Chapter. For the first mode, for example, the disk moves in a plane and hence there are no
gyroscopic moments exerted on the disk. The extendedJeffcottrotor is reduced to a system
of 6 degrees of freedom. These degrees of freedom are 3 in the x direction and y direction
as shown in Fig 3.1-1. The bearings are considered as simple springs and dampers. At this
point, only the direct bearing stiffness and damping coefficients will be considered.

3.2 Jeffcott Rotor Equations of Motion On Flexible Supports

General Equations Of Motion
The extended Jeffcott rotor equations of motion without gyroscopic coupling are expressed
as following:

[M] }{X} CoJ|[iX}]

{7} [ny] At
K, {X} (K] K JI[{x}_[F.()
[ |[&,] Kyy] {rt| £

The above generalized matrix equations of motion are applicable to a multimass flexible
rotor without the explicit representation of the disk gyroscopic moments.

(3.2-1)

System Mass Matrix

For mass matrix M as applied to the extended Jeffcott rotor, we have the following:

m

shaft
4
M 1
o= . mshaft
[M]= M, = — M, (3.2-2)
2
M 3
mshaft
4

For the case of the extended Jeffcott rotor, we have 2 of the shaft mass placed along with the
disk mass at the rotor center at station 2. The effective mass acting at each bearing station
is 1/4 of the total shaft mass. For the case of the conventional Jeffcott rotor in which the
bearings are constrained, we are reduced to the center plane mass M, equal to the sum of the
disk weight plus one-half of the shaft weight. For the case of a multistage compressor, the
equivalent center span mass will correspond to the rotor 1% modal mass computed with
constrained bearings.
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3 Extended Jeffcott Rotor 3.2 Damping Matrix

System Damping Matrix

The damping matrix C for the extended Jeffcott rotor for this analysis will consist of
symmetrical bearing damping coefficients for both the x and y directions. The center span
damping coefficient C, will be considered as small in comparison to the bearing damping
coefficient C,. The bearing cross coupling coefficients C,, and C,, will be ignored. The
bearing model to be considered will be similar to a 4 pad tilting pad bearing configuration
with load between pads. The damping matrices for the x and y directions will be uncoupled
and symmetric as follows:

G,
[c.]=[c,]=| G (3.2:3)
C,
In general, we assume that the total bearing damping is much greater than the center span

damping, or that
2C, >C, (3.2-4)

What we are interested in is the total effective modal damping for the extended Jeffcott rotor
on flexible supports. The effective modal damping is the sum of the conversion of bearing
damping plus the center span damping as follows:

Coota=2C, xC, +C, (3.2-5)

[t is desirable to make the modal damping as high as possible. It will be shown later that the
total effective modal damping is dependent upon both the bearing damping values and the
bearing to shaft stiffness ratio.

Thus for a rigid rotor the effective modal damping is given by:
C =2C, +C, (3.2-6)

modal —rigid rotor

For the case of either high bearing damping or high bearing stiffness, the modal damping
converges to C,, the center span damping. Thus, in this case, we have lost all beneficial
effects of the bearings. It will be shown, that under these circumstances, the rotor will
become very sensitive to self excited whirl instabilities and will have a very high
amplification factor at the first critical speed.

=2C,-¢+C,=>C, (3.2-7)

modal-rigid bearings

Here we see the paradox that even with very high bearing damping present in the rotor that
very little of it may be converted to effective modal damping. The rotor amplification factor
at the 1* critical speed will be given by:

M Q)

A = w (3.2-8)

c
Cmodal
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3 Extended Jeffcott Rotor 3.2 Stiffness Matrix

Shaft Stiffness Matrix

The stiffness matrix is composed of two matrices. The first matrix is the symmetric and

singular shaft stiffness [K ]s matrix. This matrix may be derived from finite element

methods or simply by applying first principles of structural mechanics. The second

matrix, [K ] i consists of the bearing coefficients acting at the three stations.

The properties of the shaft stiffness matrix are as follows:

The stiffness matrix is symmetrical

The matrix is singular of order 2

The matrix is positive definite

When the bearings are constrained, the center term is equal to K

The unrestrained stiffness matrix is singular and has no strain energy for rigid body
cylindrical and conical modes of motion. Hence we have the two conditions on strain energy
such that

Vi=0/[K] ® =0
Where ®] = [1 ] 1]
and (3.2-9)
V,=0;[K] ©,=0
Where ®; =[1 0 -]

The shatft stiffness matrix can be shown to be represented as follows:

(K K K]
4 2 4
K K
K|l =|-—— K —— 3.2-10,
[K].=|— > (3.2-10)
K K K
| 4 2 4

It is seen that the determinant of the above stiffness matrix is singular. If one multiplies the
rows by the rigid body cylindrical mode shape of {1 1 1}",thenitis seen that the resulting
vector is the null vector. The similar situation is obtained when the shaft stiffness matrix is
multiplied by the rigid body conical mode of { I 0 -1}". In order to obtain the original
stiffness value of the Jeffcott rotor on simple supports, we zero out the first and third rows
and columns of the 3x3 stiffness matrix. When this is performed, we are left with uncoupled
equations of motion for the x and y directions.
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3 Extended Jeffcott Rotor 3.2 Equations of Motion With Symmetric Bearings

Equations of Motion With Symmetric Bearings

The equations of motion in the x and y directions are uncoupled due to the absence of bearing
cross coupling or aerodynamic cross coupling acting at the rotor center. The x and y
equations may be separately written as follows:

[M]{X}+[C]{X}+[K]{X} =w*{U}cos(wt-¢)

[M]{Y}+ [C]{Y}+ [K]{Y} =’ {U}Sin(a)t—go) (3.2-11)
Where:
B C,
(M]=]  F+M, ; [c]=| o
i 5 C,
And )
K, +% _15(“ %
[k]=| -+ Kk %
% —% K, +%

In the current model, we will assume that the center span damping is small in comparison to
the bearing damping and may be ignored. However, this is not always the case as a small
amount of center plane damping has significant effects in actual rotors with stiff bearings and
often may not be ignored.

Since the [M], [C], and [K] matrices are symmetric, the {x} and {y} equations of motion may
be expressed in complex form as follows:

{Z} = {X} L] i{Y} (3.2-12)

The complex vector {z} may be viewed as a 2 dimensional vector representing the rotating
or whirling motion of the shaft at the 3 distinct stations. The use of the complex vector to
represent both the horizontal and vertical motions of the shaft is most effective for the case
of symmetrical rotor and bearing properties.

The equations of motion using the complex vector {z} is given by:
[M]{Z}+[C]{Z'}+[K]{Z}:a)2 {U}e* (3.2-13)

The homogenous solution may be solved for the damped eigenvalues or the steady state
solution may be solved to determine the synchronous response due to unbalance. Both
methods may be used to determine the optimum bearing damping for a given bearing
stiffness. The damped eigenvalues will determine the maximum log decrement for the first
torward mode. The forced response will determine the lowest possible amplification factor.
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3 Extended Jeffcott Rotor 3.3 Damped Eigenvalue Analysis

3.3 Damped Eigenvalue Analysis

General Eigenvalue Problem

The damped natural frequencies of the system may be determined from the homogeneous
equations of motion without the application of the rotor forcing functions such as unbalance.
The displacement vector {x} is a assumed to be of the general form:

{X(0)} = {x}e* (3.3-1)
Where A, is the i, complex eigenvalue = p; +i w,

And p = realroot = -fw,
{=¢;C=2Mwo,

w,; = i, damped natural frequency
= @,1-¢&

The substitution of Eq (3.3-1) into Eq (3.2-13), neglecting the forcing function, results in the
following eigenvalue problem

[ﬂ,"* [M]+ /1[C]+[K]:|{X} =0 (3.3-2)

Characteristic Polynomial

Since the components of the {X} vector are in general not all zero or null, the determinant of
the following matrix must vanish.

4?[M]+A[C]+[K]=0 (3.3-3)

This leads to the characteristic eigenvalue problem as follows:

A"+a A" +a, A"+ a, =0 (3.3-4)

The coefficients a,= a, are called the invariants of the characteristic equation. The first
invariant or coefficient a, is equal to the sum of the eigenvalues as follows:

a,=—(L+A,+24-2,) (3.3-3)

The n™ invariant of the characteristic polynomial is equal to the product of the eigenvalues.

an:ﬂ’l/q'lj'}”.;{’n:ﬁj’] (3.3-6)

For the equations of motion as given by Eq (3.2-13), in which the x and y directions of motion
are uncoupled, the eigenvalue problem for each direction may be computed separately. For
the extended Jeffcott rotor with 3 mass stations, the characteristic equation is of order 6.

[f the equations are coupled due to aerodynamic or bearing effects, the equation is of order
12. Even the 12 th order equation presents numerical difficulties in root extraction.
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3 Extended Jeffcott Rotor 3.2 Damped Eigenvalue Analysis With Symmetric Bearings

Numerical Difficulties With Characteristic Polynomial

The coefficients of the characteristic polynomial increase in magnitude. This leads to considerable
numerical difficulties in computing the complex eigenvalues for high order systems. Eq. (3.3-5) for
the first invariant is equal to the sum of the eigenvalues. The nth or last invariant is equal to the
product of all the eigenvalues. If we take the ratio of the nth coefficient divided by the first
coefficient, we obtain the following ratio.

IT4
1

DA

(3.3-7)

a,/a
i
i=1

Thus we see that the magnitude of the n th coefficient may be of a much higher order of
magnitude higher than the first coefficient. This presents a problem in eigenvalue extraction,
even for systems in which scaling is employed in generating the characteristic polynomial.
Even the simple case of the generalized Jeffcott rotor presents problems in accurate
eigenvalue extraction of the roots for the 12" order equation. Problems are encountered even
when scaling of the coefficients is employed. Thus we see that attempts to determine
stability of multimass rotor systems by root extraction from a large system polynomial is not
recommended due to the numerical difficulties encountered with the generation of accurate
roots.

Matrix Reduction of Extended Jeffcott Rotor With Symmetrical Bearings

When the bearings are symmetrical in the x and y directions and both bearings are identical,
then the matrix representation may be further reduced. At this point we are interested in
determining the optimum damping for the bearings to maximize the system 1* forward mode
log decrement J. Since we are not considering bearing cross coupling, and we are assuming
that the motion of both bearings is identical, we may further reduce the matrix equations of
motion from 3x3 to 2x2. The reduction of the equations of motion is accomplished by the
following transformation. The assumption of the motion being equal at both bearings leads
to the transformation matrix as follows:

{X' } (3.3-8)

Xl‘

Xl
The 3x3 equations of motion may be reduced to 2x2 by thr use of the above transformation
equations as follows:

(] [2*[M]+A[c]+[K]][T]=0 (3.3-9)

10
=[r{X}=|0 1
10

X

3

The resulting reduced matrix equations of motion for the symmetric Jeffcott rotor yields:

A? [A_l]m +A[C] _+[K] =0 (3.3-10)
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3 Extended Jeffcott Rotor 3.3 Reduced Eigenvalue Problem With Symmetric Bearings

Reduced Eigenvalue Problem For Extended Jeffcott Rotor

The reduced Jeffcott equations of motion in general form for the x direction, for example
may be expressed by the following;:

x| |2¢, 0]X, +[K+2Kb —KHXI}=
Zvm, Xz 0 0 Xz -K K || X,
2
0
=Q)? cos(wt - ¢,
{Uz} os(wt~¢,)

Since the amplitudes at the bearings at X, and X; are assumed to be smaller then the motion
at the mass center, we have the situation that the kinetic energy of the Jeffcott rotor mass
center is much larger than the sum of the kinetic energies of the bearing stations.

m

2

(3.3-11)

1

. M .
Tz =_;‘M2X22 > T| ‘|‘T3 Z%(z‘TSJXZ (3.3-12)

Thus a further reduction of the equations of motion and the characteristic equation may be
obtained by ignoring the mass effects at the bearing locations. This leads to the following
characteristic determinant:

,]0 0 2C, 0 K+2K, -K
A +A +
0 M, 0 O -K K
Collecting terms of the matrices and forming the determinant we have:

2C,A+2K,+K  -K
-K M,2* +K

=0 (3.3-13)

=0 (3.3-14)

The expansion of the characteristic determinant leads to the following 3™ order equation.
2C,M,A> + M, (K +2K,)A* +2C,KA+2K,K =0 (3.3-15)

The 3™ order characteristic polynomial will have the interesting behavior that the undamped
system will reduce the polynomial to a second order system. This case will represent the
undamped critical speed. This will be equivalent to the rotor on flexible supports. The added
bearing flexibility will reduce the original critical speed. As the damping increases for a
given bearing stiffness value, it will be seen that the damped critical speed will increase. This
is in marked contrast to the Jeffcott rotor with damping acting only at the center. In this case,
the damped critical speed is always lower than the undamped critical speed.

When we include the actions of flexible damped bearings, we find that a situation can exist
in which damping causes the critical speed to increase with damping. At high values of

damping, the critical speed will approach the Jeffcott critical speed value based on rigid
supports.

333



	Fundamentals of Rotor-Bearing Dynamics Using Dyrobes - The Jeffcott Rotor, E. J. Gunter, 200228032016
	Fundamentals of Rotor-Bearing Dynamics Using Dyrobes - The Jeffcott Rotor, E. J. Gunter, 200228032016_2
	Fundamentals of Rotor-Bearing Dynamics Using Dyrobes - The Jeffcott Rotor, E. J. Gunter, 200228032016_3
	Fundamentals of Rotor-Bearing Dynamics Using Dyrobes - The Jeffcott Rotor, E. J. Gunter, 200228032016_4

