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Dynamics of Short Eccentric Plain Seals 
with High Axial Reynolds Number 

P. E. Allaire,• C. C. Lee, t and E. J. Guntert 

University of Virginia, Charlottesville, Va. 

Plain seals with high axial flow rates produce large stiffness and damping coefricients that can help stabilize 
high-speed rotating machinery. When the shaft is eccentric in the seal, a Bernoulli effect low-pressure region 
occurs on the large-clearance side or the shaft. A fluid-restoring force tends to center the shaft and reduce 
vibrations. This work extends the previous theory for short plain centered seals lo large eccentricities using a 
perturbation analysis. Surface roughness effects are also included. An analysis of seals used in the Space Shuttle 
main engine hydrogen fuel turbopump Indicates the desirability of plain seals over the labyrinth type. Ex
perimental results confirm this. 

Nomenclature 
= radial clearance, m 
=damping coefficients, N-slm 
= C;1 c I RLApt,, dimensionless damping 
= eccentricity 
= hydrostatic seal force, N 
=F!RLAp, dimensionless force 
= film thickness, m 
=hie, dimensionless film thickness 
=stiffness coefficient, Nim 
=K;1 c!RLAp, dimensionless stiffness
= length of seal, m 
= pressure, Nim 2

= pl pu, 2, dimensionless pressure 
= shaft radius, m 
=axial Reynolds number, 2uh/v 
=time, s, T=t/t, 
=Liu,, centered mean flow time 
= Liu, Tm -=tmll,, mean flow time 
=axial velocity, mis 
=ulu,, dimensionless axial velocity 
=centered axial velocity, mis 
= applied, load, N 
= WIRLAp, dimensionless load 
=horizontal coordinate, m 
= vertical coordinate, m 
= axial coordinate, m, Z = zl L 
=t,l2c, relative roughness 
= friction factor 
=specific weight, N/m 3

= entrance loss coefficient 
=>.Lie, seal friction coefficient 
= kinematic viscosity, m 2 ls
= angular coordinate system measured from positive 

xaxis 
= etc, eccentricity ratio 
,.. roughness, m 
= attitude angle 

Subscripts 

=inlet 
e =exit 
0 = steady state (zeroth perturbation) 
J = first-order perturbation 
c = centered case 

Introduction 

T
HE fluid dynamics of flow in annular seals, shown in Fig.
1, can have dramatic effects on vibrations in rotating 

machinery. 1 •9 Hydrodynamic forces generated in these seals 
can drive one machine unstable or contribute strongly to the 
stability of another machine. Usually seals with a relafively 
small axial Reynolds number, such as oil seals with a 
Reynolds number below 2000, are in the destabilizing 
category. Seals for liquids with low viscosity, such as water or 
liquid hydrogen, often have Reynolds number well above 
2000. They tend to produce large seal stiffness and damping 
coefficients that can be beneficial to rotor stability. 

Annular controlled leakage seals have been employed in the 
Space Shuttle main engine (SSME) high-pressure fuel tur
bopump (HPFfP) to improve stability. Large sub
synchronous vibrations were encountered in tests of the SSME 
HPFTP with labyrinth seals and the original soft bearing 
supports. It was found that changing the seals to plain an
nular seals and making the bearing supports stiffer could 
possibly stabilize the rotor. Experimental results have verified 
the improvement in stability. 

Received Nov. 7; 1977; revision received June S, 1978, Copyright© 
Amer�n Institute of Aeronautics and Astronautics, Inc., 1978. All 
rights reserved. 

Liquid hydrogen at cryogenic temperatures is the working 
fluid in the HP FTP pump. Extremely low kinematic viscosity, 
approximately 3.5x10-7 m 2 /s (2.26x10-4 in.2ls), com
bines with high pressure drop across the seals, about 14 MPa 
(2030 lbrlin. 2), to produce large axial flow rates. Axial
Reynolds numbers in the range 100,000 to 500,000 result. The 
seal land length to shaft diameter ratio of about 0.16 produces 
circumferential fluid velocities that are small compared to 
axial fluid velocities. Calculated circumferentiJI Reynolds 
numbers are approximately 115 of the axial Reynolds 
number. 

Plain seals with large axial Reynolds number exhibit a 
"Bernoulli" type of effect when the shaft is eccentric in the 
seal. For a given axial pressure drop across the seal, the axial 
fluid velocity is larger in the large-clearance portion of the 
annulus than in the small-clearance region. Correspondingly, 
the pressure in the large-clearance side is lower than in the 
small-clearance portion, generating a hydrodynamic force in 
the direction opposite to the shaft eccentricity. It has been 

Index categories: Hydrodynamics; Nozzle and Channel Flow; 
L V /M Vibra1ion. 
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Hg. I Geometry of a plain seal. 

shown both theoretically 3 and experimentally' that the force 
exists even if the shaft does not rotate. This re~loring force 
effect leads to the calculation of dynamic coefficients for use 
in linear vibration analysis such as critical speeds, unbalance 
response, and stability. 

A recent series of papers by Black et al. 3·9 has developed the 
theory for centered seals. The fluid equations of motion are 
based on a semiempirical bulk flow theory formally developed 
by Hirs. 10 Blasius-type friction factor formulas used in the 
theory are taken from experimental work by Yamada. 11•13 

This work extends the theory for short plain seals to large 
eccentricities and includes surface roughness effects. Shaft 
rotation effects are not considered in the analysis except as a 
change in axial pressure drop occurs with speed. The con
tinuity and momentum equations a~e solved using a per
turbation approach. An analysis of the SSME HP FTP is then 
used as an example to illustrate the application of the seal for 
rotating machinery stabilization. 

Fluid Equations 
The basic equations of motion for this flow have been 

derived by Hirs 10 using a bulk flow theory. Average bulk flow 
velocities both in the axial and circumferential flow directions 
are employed rather than law-of-the-wall, eddy-viscosity 
concepts, and time-averaged velocity profiles. The bulk flow 
theory is an extension of a Blasius-type turbulent pipe flow 
analysis and a turbulent Couette flow between rotating 
cylinders. Hirs' semiempirical theory is in excellent agreement 
with the law-of-the-wall theories at high Reynolds number 
and is suitable for extension to rough surfaces at very high 
axial Reynolds numbers. 

Although the general equations of motion have been 
formulated in closed form, they have not been solved for· an 
eccentric seal. This work considers a short eccentric seal 
without shaft rotation . A perturbation theory is used to 
obtain an analytical solution for the pressure in the seal. The 
seals in the HPFTP approximate this case because the length 
to-diameter ratio is about 0.16, and the axial flow Reynolds 
number is usually an order of magnitude larger than the 
circumferential flow Reynolds number. One of the important 
effects that rotational HPFTP speed has on the seals is that 
the pressure drop across the seals increases dramatically with 
speed. Details arc given in the example analysis . 

The continuity and momentum equations 4 arc 

ou oh 
h-+-=O (I) oz ot 

l op u1 au 
=>.. - +u - (2) 

p az h az 

where the local fluid acceleration term au1a1 has . been 
neglected (sec Appendix A for justification). As flow in the 

circumferential direction is assumed small, the cir
cumferential momentum equation is not considered. Cir
cumferential pressure gradients exist because the shaft ec
centricity creates circumferential gradients in the axial 
velocity and differing losses. The boundary conditions arc 4 

where Vi{ I + 0pu1 I, =O is the head loss. 4 •16 

(3) 

(4) 

Equations (I) and (2) can be placed in dimensionless form 
as 

au aH 
H - - + --=0 az aT 

ap 11 au 
---=-U1+U--az H az 

with the boundary conditions 

Pl z ~o = P; - Vi(/+ 0 U1 I z-(J 

Plz_ 1 = P, 

(5) 

(6) 

(7} 

(8) 

The film thickness H is a function of 8, whereas both the 
velocity U and pressure P arc functions of IJ as well as Z . 

The approach taken here is similar to the small
perturbation method developed by Black 4 but extended to 
include eccentric seals. Let the perturbation variables be 

In each case, the subscript zero denotes the steady-state 
variables H0, U0 , P0 with the shaft at a fixed position in 
space, whereas the subscript I indicates either small 
displacements or small velocitjcs about the fixed shaft 
position with the resulting change of fluid velocity U1 and 
pressure P1 • This method yields linearized stiffness and 
damping coefficients that are used in the full rotor-bearing
seal model. 

Retaining only zeroth-order terms yields the equations 

auo 
H - =O 

0 az 

aP0 o - - - -u 2 az - H 0 ° 

with the boundary conditions 

The first-order terms give the equations 

with the boundary conditions 

P, I z~o = - (I+ 0 UoU1 I z~o 

(9) 

(10) 

(13) 

(15) 

(16) 
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All terms with two first-order variables multiplied together 
have been neglected. 

For the zeroth-order equations, the solution that satisfies 
the exit boundary condition at Z = I is 

( 17) 

At the inlet end, the pressure must satisfy the inlet boundary 
condition, which yields 

(18) 

Normally the pressure drop t.P is known rather than the nuid 
velocity U0 • However, the nuid velocity is contained within 
the expression for a, and so Eq. (18) cannot be solved ex
plicitly for U0 • An iterative procedure must be used. 

The first-order pressure equation is 

which is obtained by elminating U1 from Eqs. (13) and (14). 
The corresponding boundary conditions are 

Solving yields 

p __ a_ aH, 2 _ l+~ [-a- 2 
i - Ho2 Uo aT (Z Z) + l +E +211/Ho Ho1 Vo H, 

( a ) U0 aH,] + l+ - - ·- -- (Z- /) 
H 0 H 0 <JT 

(19) 

This completes the solution of the pressure perturbation 
equations. 

Load Capacity 
The steady-state load capacity of the seal is obtained by 

integrating the zeroth-order pressure P0 over the entire seal 
surface: 

Employing the pressure from Eq. (17), the integration in the 
axial direction can be easily carried out analytically, since U0 

is not a function of Z. 
The final result is 

11/Ho [ cosO J . dO 
I+~ +2a!H0 smO 

(20) 

where the circumferential integral must be evaluated 
numerically, as both a and H 0 are functions of 8. Clearly, for 
a centered seal, both u and H 0 are constants, and so the load 
capacity is zero. 

ft is assumed for convenience that the applied load W is 
vertically downward . The steady-state equilibrium conditions 
require that Fx == 0 and FY= W, or, in dimensionless terms, 

As seen from Eqs. (17) and (18), P0 and U0 are symmetric 
about the y axis, indicating that the equilibrium position of 

the shaft must be along the negative y axis . ff the dimen
sionless shaft eccentricity is f, then the shaft position is X = 0, 
Y== -t. 

Figure 2 shows the dimensionless load capacity W vs the 
seal friction coefficient a,. for a centered seal with various 
values of shaft eccentricity. Values for Re> 4000 and E, = 0.0 
were chosen so that the now is above the transition range even 
near the wall for E = 0.90 but well below the range where 
surface roughness becomes important. The results are plotted 
here as a function of the friction coefficient in the manner of 
Black 4 •7 because Wis a function only of u" t:, and t. as seen 
from Eq. (20). Relations among u, and the axial Reynolds 
number, L/c, the pressure drop, surface roughness, etc., are 
given in Eq. (18) and Appendix B. 

It can be seen that the load capacity curves all peak for 
some value of friction coefficient. This can be explained in the 
following manner. At high values of uc (corresponding to low 
Re), the pressure differences in the seal for a given eccentricity 
are small. Equation (20) shows that u, is large compared to 
I+~. and so the pressure drop is due almost solely to fri ction 
loss and is linear all around the seal. As the friction coefficient 
drops (corresponding to higher t:..P and Re), the Bernoulli 
effect becomes stronger, and the load capacity increases. Very 
small values of friction coefficient (corresponding to very 
large pressure drops and axial Reynolds number) induce such 
large head losses that the friction loss is very small, and the 
pressure tends toward a constant value around and along the 
shaft. Note that the numerator in Eq. (20) becomes small 
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Fig. 2 Load capacily vs fricrion at differcnr eccentriciry ralios for a 
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compared to 1he denominator when the friction coefficient 
becomes small. 

Figure 3 shows the effects of relative surface roughness 
lr=E, 12c on the load capacity . Only a small difference exists 
between the curves for the two values li = 0.001 and li == 0.01. 
However, for a given pressure drop in seals with two different 
surface roughnesses, a much d ifferent value of a, and 
resulting Wwill occur. 

Stiffness and Damping Coefficients 
The dynamic coefficients (similar lo those for a plain 

journal bearing) are obtained by taking orthogonal per
turbations of displacement or velocity about the equilibrium 
position. Integrating Eq. (19) and taking displacement per
turbations in both the x and y directions yields 

f K J f1T [ J ] f cos(J ] l k:: = Jo -;; JtoCose l sinO dO (21) 

[ ~x)• ] = rzw [ !..._ µ 0sin8] [ C~SO }do 
K,, Jo a smO 

(22) 

Taking the velocity perturbations gives 

[ C ] Jir l cosO J x• - - µ 1 TmcosO . dO 
C_vx - o a mO 

(23) 

( C J ~1.- J [ cos8 ] xy = - µ 1 Tmsin8 . O dO 
C,y o o sm 

(24) 

In each of these expressions, the integration with respect to Z 
from 0 to I has been carried out, but the circumferential 
integration must be evaluated numerically. The terms µ0 and 
µ 1 are defined as 

(25) 

[ 
(J 4 a 1 2 O J ] µ,= (/+~)-+-(/+0--1 + - - -- 3 xv0 - 3n 

H 0 J Ho 3 Ho (26) 

where 

D0 = (1+~+2u/H0 ) 2 (27) 
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These two quantities reduce to the same coefficients derived 
by Black 4 when o is replaced by a, (centered value). 

The dynamic coefficients of a plain seal with turbulent axial 
flow above Reynolds number of 4000 are shown in Figs. 4-7 
for various values of shaft eccentricity. It can easily be seen 
that the stiffness is nearly independent of eccentricity for high 
seal frict ion coefficient a0 (corresponding to a Reynolds 
number range approximately 4000-IO,OOO). This is in 
agreement with the load capacity curves in Fig. 2 which are 
equally spaced, indicating that the derivative of W with 
respect to e is nearly constant. At low values of ac, the effects 
of surface roughness begin to take over (see Appendix C). 

Space Shuttle Applic.ation 
Liquid hydrogen at cryogenic temperature is the working 

fluid in the hydrogen pump. Two plain seals, shown in Fig. 8, 
each consist of three lands of length, L = 12. 7 mm (0.50 in.). 
The shaft diameter is D = 79.8 mm (3.14 in.) where there is 
very small step change in the diameter of the seal, but the 
clearance c is constant at 0. 14 mm (0.0055 in.). The pressure 
drop across the seal is 14 MPa (2060 psi) when the pump is 
operating at full power level (37 ,400 rpm). The density and 
kinematic viscosity of the hydrogen are 3 .30 x 10 - 4 kg/cm 3 

(7.64 x 10-s slugs/ in. 3 ) and l.SSx 10 - 1 m 2 / s (2.41x1Q- 4 

in . 2 / s), respectively . 
A comparison of the axial Reynolds number with the 

circumferential Reynolds number shows that the axial value is 
larger by an order of magnitude at all speeds. This is due to 
the increase in JiP with speed. The larger axial Re)•nolds 
number implies that the assumption of zero circumferential 
flow is reasonable. 

No direct information is available, experimentally or 
analytically, to determine the static load on the SSME HP
FTP seal. Steady-state radial hydrodynamic loads occur on 
the pump turbine and compressor wheels, as well as inlet and 
outlet ducts. Small misalignments between the two bearing 
and seal centers also contribute to radial loads . Indirect 
evidence, from the rapid rate at which the ball bearings have 
worn, indicates that static radial loads may be lafge and the 
eccentricities above E = 0.5 . 

Stiffness and damping coefficients are calculated for each 
land and multiplied by three for the full seal results. Figures 9 
and I 0 show the seal coefficients vs eccentricity for both a 
smooth seal , t , "" 0, and a rough seal with an estimated 
roughness f, = 0.51 µm (20 µin.) or relative roughness 

l. ~ fig. 4 S1iffr1ess kxx and damping Cxx •'s 
friciion lif different eccentricity ratios. 
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Fi2. 5 Sriffness f<yy and damping c,.,. vs 
rriclion al: diHerenl ecctnlriciry ratios. 
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o = 0.00046. The plots indicate that the stiffness is not a strong 
function of eccentricity, varying by about a factor of 2 over 
the range of eccentricity. For the damping, the variation is 
more like a factor of 3. 

The point of major importance indicated by these plots is 
that the stiffness coefficients arc of the same order of 
magnitude as the bearing-support structure. Bearing-support 
stiffness is estimated at 4.83 x 109 Ni m (700,000 lb/in .) for 
each support located at the shaft ends, whereas the two 
compressor interstage seals have stiffness approximately 
2.41 x 109 Ni m (350,000 lb/ in .) located near the rotor center. 
Thus, the seals can contribute a strong stiffening effect to the 
rotor, raising the critical speeds and rotor stability. 

Another effect of importance is the damping delivered by 
the seals. By a conservative extimate, the damping coefficient 
for each seal is approximately 7015.03 N·s/ m (40 lb-s/in.) 
near the center of the shaft. The damping at the bearing
suppon location is expected to be very low because the ball
bearings with a small deadband clearance (to allow for axial 
thermal growth) have no mechanisms to provide much 
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damping. A value of 876.88 N-s/ m (5 lb-s/ in.) is considered 
the probable value. This indicates that the seals may provide 
much larger damping than any other mechanism in the pump. 

As noted in the "Introduction," the original rotor design 
included labyrinth seals and soft bearing supports to keep the 
first two cri tical speeds below the lowest operating speed of 
23,000 rpm. In tests, the pump was found to have large 
subsynchronous vibraiions starting near 17 ,000 rpm and 
continuing up into the operating speed range. The labyrinth 
seals were calculated to have a stiffness irt the range 3.51 x I 0 6 

through 7.02x10 6 Ni m (20,000-40,000 lb/ in.) , and the 
bearing-support sti Ffness in the range 3.S x 10 7 • 7 .02 x 10 7 

Ni m (200,000-400,000 lb/ in .). The labyrinth seals had 
negligible stiffness and low damping values as well. After 
replacing the labyrinth seals with the three land seals and 
stiffening the support s, the pump ran above 32,000 rpm with 
no large subsynchronous vibration. 

It should be noted that the analysis of a centered seal in
dudes ihe effect of -·haft rota tion. ·1•1·7·9 This produces cro5s
coupled stiffness K.i:r and K ,x, which tend to make the rotor 
le-SS stable . As yet," no complete theory for eccentric seals 
exists to eakulale these coeffic ient . Usually the centered 
values are used as a reasonable approximation . 

Conclusions 
l) A perturbation analysis has been carried out fo r ec

centric pla in seals with high axial flow rates. Load capaci ty, 
stiffness , and damping of the sea ls have been ca lcula ted for a 
wide range of axial Reynolds number. 

2) Load capacity curves peak for some value of axial 
Reynolds number. At low Reynolds number, the pressure 
drop around the seal is primaril y due to friction loss , and only 
small pressure gradients arc generated around the seal. At 
higher values of Reynolds numbers, the Bernoull i effect 
becomes stronger, and load capacity incrcai;es due to higher 
pressure gradients around the seal. At ver y high axial 
Reynolds number, large head losses occur at the cntrarn;c to 
the seal so that the pressure tends toward a constant value 
around the shaft. Thus the load capacity again becomes small. 

3) A correct io n factor for the seal length-to-radius ratio 
has been included in 1he ana lysis. This correction factor was 
origina lly developed by Black and Jensen 4 for seals with a 
longer L I D ratio . Alihough no direct ver ification o f this 
correction factor for longer seals a t high Reynolds numbers is 
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available, it is felt that this is probably better than not taking 
into account the correction factor (see Appendix C). 

4) Design parameters for a three-stepped plain seal were 
calculated for the Space Shuttle main engine hydrogen tur
bopump. The calculations indicated that the stiffness and 
damping of these recommended seals would be much higher 
than the existing labyrinth-type seals. A Full-scale dynamic 
analysis of the hydrogen turbopump indicated that stiffening 
the seals would increase the stability threshold of the iur
bopump by about 6000 or 7000 rpm. When installed and 
operated, these seals plus stiffening of the bearing support 
structure did produce a very substantial increase in stabil ity 
from approximately 17 ,000 up to 32,000 rpm. 

fig. 8 Geometr}' 0 r ll. three-step Sl'al. 
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S) The analysis of short plain fields at axial Reynolds 
numbers has been extended to include surface roughness by 
inclusion of a rough pipe formula due to Colbrook. 16 

Appendix A: Friction Factor 
The friction coefficients of the pressure-induced flow 

across annulus seals have been investigated theoret ically by 
Tao and Donovan. 14 Yamada 11 experimentally measured the 
friction factor for the axial Reynolds number up to 10 4 and 
gave the formula A= 24/ Re for laminar flow and X = 0.079 
R e - v. for turbulent flow. 

The friction becomes roughness-dependent with high axial 
Reynolds number. 15 Correlation of the friction coefficient 
due to roughness is based on the rough pipe formula by 
Colebrook 16 : 

a = 0.094o 0·m +0.53o 

b = BBoo.44 

c= I. 625°·114 

where o is relative roughness. 
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Appendix B: Local Fluid Acceleration 
The purpose of this Appendix is to examine the effect of the 

local fluid acceleration term iJu/iJt in the momentum Eq. (2): 

J ap u2 au au 
=X-+u - + -az h az iJt p 

Black and Jcnssen ~ developed an analysis for centered seals 
including shaft rotation. The forces were obtained as 

Viµ 1wT 

l'o - 'Aµ.iwi r1 

For zero shaft rotation, this reduces to 

Neglecting the local acceleration au1a1 is equivalent to 
neglecting µ 1 T1 • 

For Or in the range of 0.55, the µ 1 values are about 4 

µ 1 =.0.035 

Considering the SSME seal from the section on "Stiffness and 
Damping Coefficients," the mean flow time T is ap
proximately 4.35 x 10 - 5 s for an axial Reynolds number of 
524,200. This gives an effective acceleration lerm of ap
proximately 6.6 x I 0 - 11 s - 2 , whereas the velocity term is 
8. 7 x IO - 6 s - 1 • Even assuming a sinusoidal shaft oscillat ion 
al operating speed of 3.5 x 10 3 rad/s, the acceleration term 
times the speed is only 2.3 x 10 - 7 s - 1 . Thus the acceleralion 
lerms are neglected. 

The very small mean passage time is due to the very low 
viscosity of liquid hydrogen. It appears very reasonable to 
neglect the local acceleration term in this case. The authors 
have not investigated the effect that au1ar has on a lower 
Reynolds number. However, Jenssen 17 noles good agreement 
between nonlinear seal calculations and experimemal results 
for a water seal in the range Re== I0,000. The local ac
celeration term was neglected in the calculalions . 

Appendix C: LI R Effect 
This analysis has assumed that the seal length is small 

compared 10 the diameter. Black and Jens sen 4 have 
developed modification factors a and {3 for µ 0 and µ 1 , 

respectively, when the finite length of the seal was taken into 
account: 

I 
a =--- ----

1 +0.28(L! R) 1 

I 
{3= J +0.23(L/ R) 2 

The factors were actually developed for the dynamic coef
ficients, but µ 0 here will also be used for load capacity 
calculation. 
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